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Abstract
This thesis is intended to generalize some results in tilting theory due to Happel, Reiten and Smalø
[HRS96] and Keller [Kel07]. Our first principal result is a classification theorem for t-structures whose
hearts have bounded cohomologies with respect to a fixed t-structure on a triangulated category, in
terms of iterated tilting procedure with respect to suitable torsion theories. Moreover, we provide a
new technique that permits to filter objects using torsion theories in hearts of different t-structures.
This leads to a quite general version of the so called Benner and Butler Theorem (see [BB80]).
The work is the result of fruitful collaborations with Riccardo Colpi, Luisa Fiorot and Alberto
Tonolo (see [CFM13] and [FMT14]).
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Riassunto
Questa tesi vuole generalizzare alcuni risultati della teoria tilting dovuti a Happel, Reiten, Smalø
[HRS96] e Keller [Kel07]. Un primo importante risultato è un teorema di classificazione per t-strutture
i cui cuori hanno coomologie limitate rispetto ad una fissata t-struttura in una categoria triangolata, in
termini di una procedura di tiltaggio iterata rispetto a opportune teorie della torsione. Successivamente
viene introdotta una nuova tecnica che permette di filtrare oggetti utilizzando teorie della torsione in
cuori di differenti t-strutture. Grazie a ciò si ottiene una versione generalizzata del Teorema di Brenner
e Butler (si veda [BB80]).
Il presente lavoro è il risultato di fruttuose collaborazioni con Riccardo Colpi, Luisa Fiorot e Alberto
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Introduction
In the last two decades, the techniques from homological algebra in abelian or triangulated categories
have proved to be fundamental tools in representation theory. The classical homological invariants
associated with a ring do not depend so much on the module category, but mainly on its derived
category. An equivalence between the derived categories of modules over two rings R and S is good
enough not only to study the homological invariants in the right context, but also to leave an important
trace at the level of the underlying module categories. Tilting theory is of fundamental importance in
the construction of derived equivalences.
Tilting theory goes back to the early seventies, when Bernstein, Gelfand and Ponomarev investi-
gated the reflection functors in connection with giving a new proof of Gabriel’s theorem (1972) which
asserts that a path algebra k  of a finite quiver   over an algebraically closed field k admits only
finitely many isomorphism classes of indecomposable modules precisely when the underlying graph of
  is a finite disjoint union of Dynkin diagrams (see [Gab72]). This work was later generalized by Bren-
ner and Butler in [BB80], who introduced the actual notion of a tilting module for a finite dimensional
Artin algebra A and proved the celebrated Tilting theorem between mod-A and the category finitely
generated modules over the endomorphism ring of a tilting A-module T , which can be considered as a
vast generalization of the Morita equivalence in case of the category of finitely generated modules over
Artin algebras. Later the work of Brenner and Butler was simplified by Happel and Ringel [HR82].
They considered the additional functors Ext1A(T, ) and TorS1 (T, ), where S = EndA(T ), in order to
obtain a much more complete picture. Subsequently, Miyashita [Miy86] and Colby and Fuller [CF90]
showed that if R is an arbitrary ring and TR is a tilting module, then the tilting theorem holds between









between the members of torsion theories (T ,F ) of R-modules and (X ,Y ) of S-modules. In the late
80’s Rickard, generalizing results of Happel and of Cline, Parshall and Scott, developed a Morita theory
for derived categories of module categories introducing the notion of a tilting complex. An important
case of the Rickard’s Theorem is represented by a derived equivalence between D(R) and D(S) which
takes the regular module SS to a complex in D(R) whose cohomology is concentrated in degree zero:
such a complex is a so called classical n-tilting right R-module (see Example 4.1.2).
A fundamental step in the study of tilting theory for abelian categories is the seminal paper of
Happel, Reiten and Smalø [HRS96]. Reporting it for the Mathematica Reviews, Rickard observed that
“Although the theory of tilting modules has undergone many fruitful generalizations, the original
version, involving tilting modules with projective dimension one, had one aspect that did not
generalize. This was the torsion theory on the module category determined by the tilting module.”
Happel, Reiten and Smalø proved that any torsion theory (T ,F ) in an abelian category A determines
a t-structure on the derived category of A , in the sense of Beilinson, Bernstein, Deligne [BBD82], whose
heart H has a torsion theory (X ,Y ) such that T is equivalent to Y and F is equivalent to X .
Therefore any object M in A (and any object in H ) admits a filtration
0 =M0 ✓M1 ✓M2 =M
where the factors M/M1 2 F and M1 =M1/M0 2 T are involved in the two equivalences. Moreover,
if A has enough injectives or H has enough projectives, these equivalences extend to an equivalence
between the (bounded) derived categories Db(H ) '! Db(A ).




KTi, i = 0, 1, ..., n
where KEi = {M 2 Mod-R : ExtjR(T,M) = 0 8j 6= i} and KTi = {N 2 Mod-S : TorSj (T,N) = 0 8j 6=
i}. As soon as n   2, the classesKEi andKTi do not provide anymore filtrations in the whole categories
Mod-R and Mod-S. In [Ton02] examples of simple modules not belonging to any of the classes KEi or
KTi, and hence not admitting good filtrations, are provided; moreover a characterisation of modules
admitting a filtration with factors in these classes is given. In this thesis we shall see that it is much
more convenient to change the focus from the original category Mod-R, which is derived equivalent
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Mod-S, to a new abelian category HT which is Morita equivalent to Mod-S. In this way we are able
to develop a procedure that “breaks” the original derived equivalence D(R) '! D(S) into n+1 derived
equivalences D(Hi)
'! D(S) (0  i  n), where all the Hi’s are abelian subcategories of D(R):
Mod-R  

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This is accomplished essentially by iterating the tilting procedure developed by Happel, Reiten and
Smalø. Among other results, this permits also to construct for any right R-module M a generalized
decomposition of M by means of a finite tree of short exact sequences in the abelian categories HD =
H0, ...,Hn =HT . This decomposition can be represented as a tree, generalizing the filtrations induced
by a classical 1-tilting module.
Structure of the work
In Chapter 1, we summarize some general results concerning triangulated categories that will be used
in the sequel. Most of these results are well known and can be easily found in the literature. In the first
section, we study certain subcategories of triangulated categories. In the second section, the notion of
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a compact object in a triangulated category is introduced and many important results concerning the
notion of compactness are proved.
In Chapter 2, we study t-structures in triangulated categories as they were introduced by Beilinson,
Bernstein and Deligne [BBD82] in their study of perverse sheaves, and torsion theories in abelian
categories. Our presentation of the theory is based on the authoritative monograph loc. cit. and on the
work of Beligiannis and Reiten [BR07]. First we recall the general theory of t-structures for arbitrary
triangulated categories. We define the notion of the heart of a t-structure and prove that the heart
is always an abelian category (Theorem 2.1.14). Then we study non-degenerate t-structures and we
recall the notion of an aisle (resp. co-aisle) of a t-structure as it was introduced by Keller and Vossieck
[KV88a]. In Section 2.2, we describe a procedure which takes as its input a class of compact objects on
a triangulated category and produces as an output a t-structure, which is called compactly generated.
In the last section, we recall some basic results concerning torsion theories in abelian categories.
In Chapter 3, we develop some aspects of tilting theory. The results are based on the work [FMT14].
In the first section, we recall the tilting procedure, originally due to Happel, Reiten and Smalø [HRS96]
which, starting from the heart of a (non-degenerate) t-structure on a triangulated category C and a
torsion theory on this heart, permits to construct a new t-structure on C . In the second section, we
introduce the notion of a gap for an ordered pair (D ,T ) of t-structures on a triangulated category C
(see Definition 3.2.1). We then prove a classification theorem for such pairs of t-structures. This is
accomplished by using the so-called right (resp. left) tilting chains (see Definition 3.2.6) which allow
to filter the co-aisle (resp. aisle) of the t-structure T using n steps with gap 1 that we describe in
terms of suitable torsion theories (see 3.2.6, 3.2.8 and 3.2.9). In this way we find a one to one
correspondence between the pairs of t-structures (D ,T ) with gap n and the maximal right (resp. left)
tilting chains of length n between D and T (see Theorem 3.2.9). We then introduce the notion of a
tilting (resp. cotilting) t-structure, which appears as a natural generalization of the concept of a tilting
(resp. cotilting) torsion theory (see Definition 3.1.6). This will lead to a generalization of [HRS96,
Theorem 3.3] (see Theorem 3.2.15). In the last section, we introduce and investigate in details, for a
pair (D ,T ) of t-structures with gap n on a triangulated category C , a generalized decomposition of
every object in the heart of D by means of a finite tree of short exact sequences which live in successive
hearts of t-structures HD = H0, ...,Hn = HT . This decomposition can be represented as a tree,
called tilting tree (see Definition 3.3.1). We also show how such a tree determines a Postnikov tower
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on C , whose graduate terms form the leaves of the tree.
In Chapter 4, we apply the previous results to the case of derived equivalences induced by classical
tilting objects, proving a generalization of the well-known Brenner and Butler Theorem. Given a
classical n-tilting object T in an abelian category A , we consider in D(A ) both the natural t-structure
D and the t-structure T which is compactly generated by T . It turns out that the pair (D ,T ) has
gap n (and shift 0), so our results from Section 3.2 apply. In this case the n + 1 abelian categories
H0, ...,Hn, which arise from the construction, contain T . Moreover T , viewed as an object of Hi, is
a classical (n   i)-tilting object (Theorem 4.2.3). Then for each X 2 A we construct the associated
tilting tree, obtaining a generalized form of the classical 1-tilting decomposition, nodal point in the
Brenner and Butler Theorem (Theorem 4.3.1).
In Chapter 5, we show how the process of (co-) localizing moves from a basic abelian category to
the level of its tilt, with respect to a torsion theory, and viceversa. On the one side we deal with a
(co-) Giraud subcategory C of A , looking the way torsion theories on A reflect on C and, conversely,
torsion theories on C extend to A : in particular we find a one to one correspondence between arbitrary
torsion theories (T ,F ) on C and the torsion theories (X ,Y ) on A which are “compatible” with the
(co-) localizing functor (Theorem 5.2.5). On the other side, we compare this action of “moving” torsion
theories from A to C (and viceversa) with a “tilting context”: more precisely, we look at the associated
hearts H1 and H2 with respect to the torsion theories (T ,F ) on C and (X ,Y ) on D , respectively,
proving that H2 is still a (co-) Giraud subcategory of H1, and that the “tilted” torsion theories in the
two hearts are still related (Theorem 5.3.3). Here the ambient abelian category A is arbitrary, with the
unique request that the inclusion functor of C into A admits a right derived functor. Finally given any
abelian category A endowed with a torsion theory (X ,Y ), and considering any Giraud subcategory
C 0 of the associated heart H1 which is “compatible” with the “tilted” torsion theory on H1, we prove
in Theorem 5.3.5 how to recover a Giraud subcategory C of A such that C 0 is equivalent to the heart
H2 (with respect to the induced torsion theory). The results are based on the work [CFM13].
The last two chapters collect other results that the author has found during this research and that
are somehow linked with the theory described above.
In A, we recall the notions of a compatible pair of t-structures introduced by Keller and Vossieck
in [KV88b] (see also [Kel07]). This notion has been recently studied independently by Bondal in
[Bon13] under the name of consistent pairs of t-structures. As Bondal has well explained in loc. cit.,
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the main interest in these definitions is the fact that under the hypothesis of compatibility of a pair of
t-structures (D ,T ), one can perform an operation of intersection of aisles of t-structures which is the
main tool we need in the proof of our classification Theorem 3.2.9.
In B, we shall consider other types of filtration on triangulated or abelian categories. We will focus
on the notion of a slicing (see for example [Bri07]), which has been studied in connection with stability




In this chapter, which is of preliminary nature, we collect some general results concerning triangulated
categories that will be used in the sequel. As the majority of the notions treated here are well known
and can be easily found in the literature, the presentation will be coincise. The reader is referred to
the source for a deeper exposition.
The first section is devoted to the study of certain subcategories of triangulated categories. The
second section deals with the notion of a compact object in a triangulated category.
1.1 Subcategories of triangulated categories
The reader is referred to [Nee01] for the definition of triangulated categories and their elementary
properties. Let C be a triangulated category. As usual, we will denote the suspension functor by [1].
1.1.1 Definition. Let C be a triangulated category. A full subcategory S of C is said to be stable
under extensions if for every distinguished triangle
X0 ! X ! X1 [1]!
in C , if X0, X1 2 Ob(S ) then X 2 Ob(S ).
A triangulated subcategory of C is a full subcategory S of C which is stable under extensions and
under the suspension [1] and the cosuspension [ 1].
A suspended (resp. cosuspended) subcategory is a full subcategory S of C stable under extensions
and under the suspension [1] (resp. the cosuspension [ 1]).
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1.1.2 Remark. The notions of suspended and cosuspended subcategory are dual. Let C be a triangu-
lated category and let C opp be its opposite category. Then a suspended (resp. cosuspended) subcategory
S of C induces a cosuspended (resp. suspended) subcategory S opp of C opp.
1.1.3 Lemma. Let C be a triangulated category and S a full subcategory of C . Then S is a
suspended (resp. cosuspended) subcategory if and only if for every distinguished triangle of C
X0 ! X ! X1 [1]!
one has:
- (stability under extensions) X0, X1 2 Ob(S ) implies X 2 Ob(S ),
- (stability under cones) X0, X 2 Ob(S ) implies X1 2 Ob(S ) (resp. (stability under cocones)
X,X1 2 Ob(S ) implies X0 2 Ob(S )).
Proof. Trivial.
1.1.4 Notation. Let F : C ! C 0 be a functor. Given a subcategory S 0 of C 0, we denote by F 1(S 0)
the subcategory of C whose objects A 2 Ob(C ) satisfy F (A) 2 Ob(S 0) and whose morphisms are the
morphisms f of C such that F (f) is a morphism of S 0.
1.1.5 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories. Let S 0 be a
triangulated (resp. suspended, cosuspended) subcategory of C 0. Then F 1(S 0) is a triangulated (resp.
suspended, cosuspended) subcategory of C .
Proof. Trivial.
1.1.6 Lemma. Let C be a triangulated category and ⇤ a class (or a set) of objects of C . There
exists a triangulated (resp. suspended, cosuspended) subcategory h⇤is ct (resp. h⇤is ct+ , h⇤is ct  ) of
C containing the objects of ⇤, and it is the smallest triangulated (resp. suspended, cosuspended)
subcategory of C with this property.
Proof. We define by induction the following subcategories h⇤in:
• h⇤i0 is the full subcategory of C whose objects are the iterated suspensions and cosuspensions
of objects of ⇤ [ {0};
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• h⇤in is the full subcategory of C whose objects are those who are obtained as an extensions of
two objects of h⇤in 1.
Since h⇤in contains the zero object, it follows that h⇤in ⇢ h⇤in+1. Then one defines h⇤is ct to be the
union of the h⇤in.
The other cases are treated similarly.
1.1.7 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories. Let S 0 be
a triangulated (resp. suspended, cosuspended) subcategory of C 0. Let ⇤ be a class (or a set) of objects
of C . Suppose that F (⇤) ⇢ S 0. Then F (h⇤is ct) ⇢ S 0 (resp. F (h⇤is ct+ ) ⇢ S 0, F (h⇤is ct  ) ⇢ S 0).
Proof. This follows immediately from the fact that F 1(S 0) is triangulated and from the mini-
mality of h⇤is ct.
The other cases are treated similarly.
1.1.8 Definition. Let S be a full subcategory of an additive category C . Then S is said to be stable
under direct factors if for every triplet (X,X0, X1) of objects of C , if X ' X0  X1 and X 2 Ob(S ),
then X0 2 Ob(S ).
1.1.9 Lemma. Let C be a triangulated category and ⇤ a class (or a set) of objects of C . There exists
a triangulated (resp. suspended, cosuspended) subcategory h⇤ict (resp. h⇤ict+, h⇤ict ) of C containing
the objects of ⇤ and stable under direct factors, and it is the smallest triangulated (resp. suspended,
cosuspended) subcategory of C with this property.
Proof. One proceeds as in the proof of lemma 1.1.6, by adjoining also the direct factors when
passing from the (n  1)-th step to the n-th step.
1.1.10 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories. Let S 0 be
a triangulated (resp. suspended, cosuspended) subcategory of C 0 stable under direct factors. Let ⇤ be a
class (or a set) of objects of C . Suppose that F (⇤) ⇢ S 0. Then F (h⇤ict) ⇢ S 0 (resp. F (h⇤ict+) ⇢ S 0,
F (h⇤ict ) ⇢ S 0).
Proof. This follows immediately from the fact that F 1(S 0) is triangulated and stable under
direct factors, and from the minimality of h⇤is ct.
The other cases are treated similarly.
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Let us recall that a discrete category is a category whose morphisms are just the identities. If I is
a small discrete category, a functor I ! C is called a family of objects of C .
1.1.11 Definition. Let C be a category. We say that C has small direct sums (resp. has small
products) if the inductive (resp. projective) limits indexed on small discrete categories are representable
on C .
Let S be a full subcategory of a category C with small direct sums (resp. small products). We say
that S is stable under small direct sums (resp. small products) if the colimit (resp. limit) in C of a
small discrete family of objects of S is an object of S .
1.1.12 Remark. The notion of triangulated category with small direct sums is the dual of that of
triangulated category with small products. In the sequel, we will state the results for triangulated
categories with small direct sums. The statements and the proofs concerning triangulated categories
with small products are obtained by passing to the opposite categories.
1.1.13 Lemma. Let C be a triangulated category and ⇤ a class (or a set) of objects of C . There
exists a triangulated (resp. suspended, cosuspended) subcategory hh⇤ii (resp. hh⇤ii+, hh⇤ii ) of C
containing the objects of ⇤ and stable under small direct sums, and it is the smallest triangulated (resp.
suspended, cosuspended) subcategory of C with this property.
Proof. For any ordinal ↵, we define by transfinite induction the following subcategories hh⇤ii↵:
• h⇤i0 is the full subcategory of C whose objects are the iterated suspensions and cosuspensions
of objects of ⇤ [ {0};
• h⇤i↵ is the full subcategory of C whose objects are those who are obtained as an extensions of
two objects of h⇤i↵0 with ↵0 2 ↵ or as a small coproduct of objects in
S
↵02↵h⇤i↵0 . Then one
defines hh⇤ii to be the union of the h⇤i↵.
The other cases are treated similarly.
1.1.14 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories with small
direct sums, and suppose that F commutes with small direct sums. Let S 0 be a triangulated (resp.
suspended, cosuspended) subcategory of C 0 stable under small direct sums. Let ⇤ be a class (or a
set) of objects of C . Suppose that F (⇤) ⇢ S 0. Then F (hh⇤ii) ⇢ S 0 (resp. F (hh⇤ii+) ⇢ S 0,
F (hh⇤ii ) ⇢ S 0).
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Proof. This follows immediately from the fact that F 1(S 0) is triangulated and stable under
small direct sums, and from the minimality of hh⇤ii.
The other cases are treated similarly.
1.2 Compact objects
1.2.1 Definition. -Let C be a triangulated category with small direct sums. An object T of C is
called compact if the functor HomC (T, ) commutes with small direct sums, that is, for every family
(Di)i2I of objects of C , the canonical homomorphism
 i2IHomC (T,Di)! HomC (T, i2IDi)
is an isomorphism.
-We denote by Ccomp the full subcategory of compact objects of C . This is a triangulated subcategory
of C stable under direct factors.
1.2.2 Notation. Let (fi : Di ! Di+1)i2N be an inductive system indexed on N on a triangulated
category C with small direct sums. Then we can associate to this inductive system a homotopy colimit
HoColimi(Di) defined up to a (non unique) isomorphism by the following distinguished triangle:
 i2NDi
 i(idDi , fi) //  i2NDi // HoColimi(Di) [1] //
We define the morphisms Di ! HoColimDi by the composition
Di //  iDi // HoColimDi
Since the composition
Di
(idDi , fi) // Di  Di+1 //  iDi // HoColimDi
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This permits to define a homomorphism of abelian groups
lim!
i2N
HomC (T,Di)! HomC (T,HoColimi2NDi)
which is natural in T 2 Ob(C ).
1.2.3 Lemma. Let C be a triangulated category with small direct sums and products and let T be an
object of C . The following conditions are equivalent:
1) T is a compact object.
2) For every inductive system (fi : Di ! Di+1)i2N, the canonical morphism
lim!
i2N
HomC (T,Di)! HomC (T,HoColimi2NDi)
is an isomorphism.
Proof. The implication 1) ) 2) is clear (see also [Nee96, Lemma 2.8]). Let us show the converse.
Assume that the functor HomC (T, ) commutes with homotopical colimits indexed on N. Let (Di)i2I
be a family of objects of C and let us show that the canonical homomorphism
 i2IHomC (T,Di) // HomC (T, i2IDi)
is an isomorphism. Without loss of generality, we can assume that the family(Di)i2I is infinite. By
considering the composition




i2I HomC (T,Di) (1.1)
we see that the homomorphism is injective. So let us show that it is surjective. Let f : T !  i2IDi
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be a morphism. Denote by I0 the set of i0 2 I0 such that the composition
fi0 : T
f
//  i2IDi // Di0
is non-zero. It suffices to show that the set I0 is finite. Indeed, in this case f is the composition
T //  i02I0Di0 //  i2IDi
because this morphism has the same image of f in
Q
i2I HomC (T,Di) under the monomorphism (1.1).
Suppose by contradiction that I0 is infinite. Then there exists an strictly increasing sequence J0 ⇢
J1 ⇢ · · · ⇢ Jn ⇢ · · · ⇢ I0 such that
S
n2N Jn = I0. One then easily verifies that  i2IDi is the colimit
of the inductive system  j2Jn (I\I0)Dj . By condition 2), there exist m 2 N and a factorization of f
A //  j2Jm (I\I0)Dj //  i2IDi
But for i 2 I0 \ Jm the morphism fi0 is zero. This is a contradiction.
1.2.4 Remark. We note that in the proof of Lemma 1.2.3, one need not to assume the existence of
products in the triangulated category C while proving 1) ) 2).
1.2.5 Definition. Let C be a triangulated category with small direct sums. We say that C is
compactly generated if there exists a set of compact objects ⇤ ⇢ Ccomp such that hh⇤ii = C . The set
⇤ is called a set of compact generators of C .
The following is the well-known Brown representability criterion:
1.2.6 Proposition. Let C be a compactly generated triangulated category with small direct sums.
Let H : C ! Ab an exact controvariant functor that transforms small direct sums to small products.
Then H is representable.
Proof. Observe that given any object D of C , we can view an element d 2 H(D) as a morphism
d : A! H in the category of presheaves of abelian groups on C .
Let us define by induction on n 2 N the following data: an object  n of C , an element  n 2 H( n)
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Let us fix a set of compact objects ⇤ that generates C . We can assume that ⇤ is stable under
suspensions and cosuspensions. Set
 0 =  D2⇤, d2H(D)D





For n 2 N, n   1 we define  n by the distinguished triangle
  D2⇤, e2Ker( n 1 : HomC (D, n 1)!H(D))D  //  n 1 un 1 //  n [1] //
Since by hypotheses H is exact, we deduce that  n 1 2 H( n 1) is the image of a certain element
 n 2 H( n).
Set   = HoColim n. By definition and by the fact that H transforms small direct sums to small












hence a surjective morphism H( ) ! lim! H( n). Let   be an element in the preimage of the limit
of the  n under this surjection. We will show that   :   ! H induces an isomorphism of presheaves.
Since the presheaves represented by   and H are exact and transform small direct sums to small
products, it suffices to show that the homomorphism HomC (D, ) ! H(D) is invertible for D in ⇤
(here we use the fact that ⇤ is stable under suspensions and cosuspensions). The surjectivity of this
homomorphism follows from the surjectivity of HomC (D, 0) ! H(D). Let us prove the injectivity.
Consider an element d in the kernel. Since D is compact, the morphism d : D !   comes from a
morphism d0 : D !  n. By construction, the composition A !  n !  n+1 is zero. Hence d is
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zero.
1.2.7 Corollary. Let C and C 0 be triangulated categories with small direct sums, and suppose that
C is compactly generated. Let F : C ! C 0 be a covariant triangulated functor commuting with small
direct sums. Then F admits a right adjoint.
Proof. Let D0 be an object of C 0. The functor C ! Ab that associates to an object D of C
the abelian group HomC 0(F (D), D0) transforms small direct sums into small products. By proposi-
tion 1.2.6, this functor is represented by an object G(D0) of C . Moreover, there is an isomorphism
HomC 0(F (D), D
0)! HomC (D,G(D0))
So the assignment D0 7! G(D0) extends uniquely to a covariant functor C 0 ! C such that the previous
isomorphism is natural in D and D0.
The right adjoint of F is automatically triangulated, due to the following:
1.2.8 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories. If G : C 0 !
C is an adjoint of F , then G is triangulated.
Proof. Suppose that G is a right adjoint to F (the case in which G is a left adjoint is treated in
a similar way). Consider a distinguished triangle in C 0
A0 // B0 // C 0
[1]
//
and let us complete the morphism G(A0)! G(B0) to a distinguished triangle in C
G(A0) // G(B0) // D
[1]
//
By the axioms of the triangulated categories, there exists a morphism F (D)! C 0 making the following









A0 // B0 // C 0
[1]
//
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The bottom row triangle is distinguished and the top row one is distinguished because F is triangulated.
By adjunction, we deduce the following commutative diagram:





G(A0) // G(B0) // G(C 0)
[1]
//
Since the top row triangle is distinguished, it suffices to prove that the morphism u is an isomorphism.
To this end, we will show that for any object X of C , the homomorphism induced by u
HomC (X,D)! HomC (X,G(C 0))
is invertible. Let us apply the Five Lemma:
Hom(X,G(A0)) // Hom(X,G(B0)) // Hom(X,D) //
u
✏✏
Hom(X,G(A0)[1]) // Hom(X,G(B0)[1]) //
Hom(X,G(A0)) // Hom(X,G(B0)) // Hom(X,G(C0)) // Hom(X,G(A0)[1]) // Hom(X,G(B0)[1]) //
The bottom row is exact because it is isomorphic to
Hom(F (X),A0) // Hom(F (X),B0) // Hom(F (X),C0) // Hom(F (X),A0[1]) // Hom(F (X),B0[1]) //
This concludes the proof.
1.2.9 Proposition. Let C be a triangulated category, with small direct sums, generated by a set of
compact objects ⇤. The subcategory Ccomp is the smallest triangulated subcategory of C containing ⇤
and stable under direct factors, that is,
Ccomp = h⇤ict
Proof. The inclusion h⇤ict ⇢ Ccomp is clear. Let us fix a compact object C of C and let us show
that C lies in h⇤ict.
Using the construction of the proof of proposition 1.2.6 applied to the representable functor H =
HomC ( , C), we obtain a presentation of C as a homotopical colimit of the inductive system (un :  n !




Since C is compact, we get
lim! HomC (C, n) ' HomC (C,HoColim n) ' HomC (C,C)
Choosing a representative of the identity of C in the colimit on the left, we obtain a factorization of
the identity:
C //  n0 // C
for some n0 2 N. This shows that C is a direct factor of  n0 .
Set   1 = 0. We construct by inverse induction for k 2 { 1, . . . , n0} a distinguished triangle
Nk //  k // Dk
[1]
// (1.2)
with Nk in h⇤is ct and such that C is a direct factor of Dk. For k = n0 we pick Nn0 = 0. When we
reach N 1, the result will follow. Indeed, since   1 = 0 then C is a direct factor of N 1[1].
In what follows, we will use the fact that for any n 2 N there exists a distinguished triangle
 i2InAi //  n 1 //  n
[1]
//
where In is an index set and the Ai are objects of ⇤. This is true for n = 0. Suppose that the triangle
1.2 is constructed for k 2 {1, . . . , n0}. Let us construct the triangle for k   1. We first consider the
composition Nk !  k !  i2IkAi[1]. Since Nk is compact, there exists a finite subset Fk ⇢ Ik such
that the previous composition factors through the inclusion  i2FkAi[1] ⇢  i2IkAi[1]. We choose a
distinguished triangle
 i2FkAi //  k 1 //  (1)k 1
[1]
//
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we obtain the distinguished triangle
 i2Ik\FkAi //  (1)k 1 //  k
[1]
//


















we obtain the distinguished triangle
 i2Ik\FkAi // D(1)k 1 // Dk
[1]
//
Now let us consider the composition C ! Dk !  i2Ik\FkAi[1]. Since C is compact, there exists a
finite subset Gk ⇢ Ik containing Fk, such that the previous composition factors through the inclusion
 i2Gk\FkAi ⇢  i2Ik\FkAi. So we construct the distinguished triangle
 i2Gk\FkAi // D(1)k 1 // Dk 1
[1]
//
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we obtain a distinguished triangle
 i2Ik\GkAi // Dk 1 // Dk
[1]
//




We deduce that C is a direct factor of Dk 1.





and we show that the object Nk 1 in the distinguished triangle
Nk 1 //  k 1 // Dk 1
[1]
//
lies in h⇤is ct. Iterating the application of the octahedron axiom, we reduce to show that the cones of
the morphisms a, b and c lies in h⇤ict. These cones are respectively  i2FkAi, Nk and  i2Gk\FkAi. The
objects Ai lie in ⇤ and the index sets Fk and Gk are finite. Moreover by induction Nk lies in h⇤is ct.
This concludes the proof.
1.2.10 Definition. Let ⇤ be a set of objects of a triangulated category C . We denote by ⇤?1 the
full subcategory of C consisting of objects D 2 Ob(C ) with
HomC (T [n], D) = 0, for every T 2 ⇤ and for every n 2 N
An object of ⇤?1 is called (right) orthogonal to ⇤.
1.2.11 Lemma. The subcategory ⇤?1 of C is a triangulated subcategory stable under direct factors.
If C has small produts, then ⇤?1 is stable under small products. If C has small direct sums and if the
objects of ⇤ are compact, then ⇤?1 is stable under small direct sums.
Proof. Trivial.
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1.2.12 Proposition. Let C be a triangulated category with small direct sums. Let ⇤ be a set of
compact objects of C . The following conditions are equivalent:
1) The set ⇤ generates C , that is, hh⇤ii = C .
2) The subcategory ⇤?1 is zero.
3) The family of functors HomC (T [n], ) : C ! Ab, with T 2 ⇤ and n 2 N, is conservative.
Proof. Clearly, the assertions 2) and 3) are equivalent and the first assertion implies the second.
Let us show the converse.
Let C0 = hh⇤ii and let i : C0 ⇢ C be the inclusion functor. We will show that i is an equivalence.
It is clear that i commutes with small direct sums. Moreover, since C0 is compactly generated, the
functor i has a right adjoint L : C ! C0. Since i is fully faithful, the unity of the adjunction 1! L   i
is an isomorphism. So it remains to show that the counit i   L! 1 is an isomorphism.
Let B an object of C and let us choose a distinguished triangle
i   L(B) // B // C [1] // (1.3)
We will show that C is zero.For any object A of C0 we have
HomC (i(A)[m], i   L(B)) = HomC (A[m], L(B)) = HomC (i(A)[m], B)
Using the distinguished triangle (1.3), we deduce that HomC (i(A), C) = 0. In particular, C is an
object of ⇤?1 .
1.2.13 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories with small
direct sums. Suppose that F has a right adjoint G.
1) If the functor G commutes with small direct sums, then F sends any compact object of C to a
compact object of C 0.
2) Suppose that F sends any compact object of C to a compact object of C 0. If C is compactly
generated, then G commutes with small direct sums.
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Proof. 1) Let T be a compact object of C . The functor HomC 0(F (T ), ) is isomorphic to
HomC (A,G( )) = HomC (A, )   G. The functor G commutes with small direct sums. Similarly for
HomC (T, ). This shows that F (T ) is compact.
2)Let (Di)i be a small family of objects of C 0. We will show that the canonical homomorphism
 iG(Ai)! G( iAi)
is an isomorphism. By proposition 1.2.12, it is equivalent to show that for any compact object C of C
the homomorphism
HomC (C, iG(Ai))! HomC (C,G( iAi))
is an isomorphism. Since C is compact, we only need to show that the homomorphism
 iHomC (C,G(Ai))! HomC (C,G( iAi))
induced by the canonical morphisms G(Ai) ! G( iAi) is an isomorphism. This homomorphism
corresponds under the adjunction (F,G) to
 iHomC 0(F (C), Ai)! HomC 0(F (C), iAi)
which is an isomorphism because F (C) is compact.

Chapter 2
t-structures and torsion theories
In this chapter, we study t-structures in triangulated categories and torsion theories in abelian cat-
egories. Following the fundamental work [BBD82] of Beilinson, Bernstein and Deligne, we recall the
notion of a t-structure on a triangulated category. To any t-structure there is an associated category,
called the heart, which is always an abelian category (Theorem 2.1.14). Then we study non-degenerate
t-structures and we recall the notion of an aisle (resp. co-aisle) of a t-structure as it was introduced
by Keller and Vossieck [KV88a]. In Section 2.2, we give a method for constructing torsion theories in
triangulated categories containing small direct sums. This is accomplished by starting with a set of
compact objects. In the last section of this chapter, we recall some basic results concerning torsion
theories in abelian categories.
Our presentation of the theory is based on the authoritative monograph [BBD82] and on the work
of Beligiannis and Reiten [BR07].
2.1 Definition of t-structure and first properties
2.1.1 Definition. Let A be an additive category and let S be a full subcategory of A . The left
(resp. right) orthogonal subcategory of S is the full subcategory ?S (resp. S ?) of A whose objects
X satisfy HomA (X,S) = 0 (resp. HomA (S,X) = 0) for every object S of S .
2.1.2 Definition. A t-structure on a triangulated category C is a pair (D0,D 0) of strictly full
subcategories of C such that, setting Dn := D0[ n] and D n := D 0[ n]1, one has:
1We will use the cohomological convention for t-structures. One passes back and forth between the cohomological
and homological conventions via the following rule: Dn = D  n, D n = D n.
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(0) D0 ✓ D1 and D 0 ◆ D 1.
(i) HomC (X,Y ) = 0 for every X in D0 and every Y in D 1.
(ii) For any object X 2 C there exists a distinguished triangle
X0 ! X ! X1 [1]!
in C such that X0 2 D0 and X1 2 D 1.
2.1.3 Remark.  If (D0,D 0) is a t-structure, then so is (Dn,D n) for every integer n. The
t-structure (Dn,D n) is called the n-shifted t-structure.
 If (D0,D 0) is a t-structure, then (D0opp,D 0opp) is a t-structure on C opp, called the dual
t-structure.
2.1.4 Definition. Let C be a triangulated category endowed with a t-structure D = (D0,D 0).
  The heart of the t-structure is the full subcategory A := D0 \D 0 of C .
  We call D-static of degree d the objects in C belonging to A [ d], and D-static the objects in C
which are d-static for some d 2 Z.
2.1.5 Proposition. Let (D0,D 0) be a t-structure on a triangulated category C .
1) The inclusion of Dn in C (resp. of D n in C ) admits a right adjoint functor ⌧n (resp. left
adjoint functor ⌧ n), i.e. there exists a natural morphism ⌧nX ! X (resp. ⌧ nX ! X) such
that the induced map
HomDn(X, ⌧
nY )! HomC (X,Y )
is an isomorphism for all X 2 Dn, Y 2 C (resp.
HomD n(⌧
 nX,Y )! HomC (X,Y )
is an isomorphism for all X 2 C ,Y 2 D n).
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2) For every X in C there exists a unique morphism d : ⌧ 1(X)! ⌧0(X)[1] such that the triangle
⌧0(X)!X!⌧ 1(X) d!
is distinguished. Moreover, d is functorial.
Proof. 1) Without loss of generality, we may assume that n = 0. Let X 2 C and let us choose a
distinguished triangle X0 ! X ! X1 [1]! in C such that X0 2 D0 and X1 2 D 1. Let Y be an object
in D0. In the long exact sequence
HomC (Y,X1[ 1])! HomC (Y,X0)! HomC (Y,X)! HomC (Y,X1)
we have HomC (Y,X1) = 0 since Y 2 D0 and X1 2 D 1. Similarly, HomC (Y,X1[ 1]) = 0 since
Y 2 D0 and X1[ 1] 2 D 2, hence
HomC (Y,X0)
' // HomC (Y,X).
We take ⌧0X ! X to be X0 ! X from the triangle. Next, we define ⌧0 on morphisms. Given a mor-
phism f : X ! Y , let ⌧0f : ⌧0(X)! ⌧0(Y ) be the unique preimage of the composition ⌧0(X)!
X
f! Y 2 HomC (⌧0(X), Y ) under the isomorphism HomC (⌧0(X), ⌧0(Y )) ' HomC (⌧0(X), Y ).
Let us verify that ⌧0(gf) = ⌧0g   ⌧0f for X f! Y g! Z. Let X0 cX! X ! X1 [1]!, Y0 cY! Y ! Y1 [1]!,
Z0
cZ! Z ! Z1 [1]! be the triangles associated to X,Y, Z respectively. Now ⌧0f is defined by the
equation cY   ⌧0f = f   cX and ⌧0g is defined by the equation cZ   ⌧0g = g   cY . Then
cZ   (⌧0g   ⌧0f) = g   cY   ⌧0f
= g   f   cX
= cZ   (⌧0(gf))
shows that ⌧0(gf) = ⌧0g   ⌧0f . With similar techniques we can see that ⌧0idX = id⌧0(X).
Analogous considerations apply to ⌧ 0.
2) Take
d : ⌧ 1t (X)! ⌧0t (X)[1]
to beX1 ! X0[1] from the distinguished triangle. Its uniqueness follows from the fact thatHomC (X0[1], X1) =
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0, as X0[1] 2 D 1 and X1 2 D 1.
2.1.6 Definition. Keep the notations of Proposition 2.1.5. The functors ⌧n, ⌧ n are called the
truncations functors.
2.1.7 Remark. Note that for every m,n 2 Z:
⌧n(X[m]) = (⌧n+m(X))[m],
⌧ n(X[m]) = (⌧ n+m(X))[m].
2.1.8 Proposition. Let (D0,D 0) be a t-structure on a triangulated category C and let X be an
object of C .
1) If X belongs to Dn, then the canonical map ⌧nX ! X is an isomorphism.
2) X 2 Dn if and only if ⌧ n+1X = 0. Dually, X 2 D n if and only if ⌧ n 1X = 0.













and to show that they are inverse to each other.
2.1.9 Example (The natural t-structure). Let A be an abelian category and D(A ) its derived
category. We claim that setting
D0(A ) = the full subcategory of D(A ) of objects X• such that H i(X•) = 0 for i > 0,
D 0(A ) = the full subcategory of D(A ) of objects X• such that H i(X•) = 0 for i < 0
yields a t-structure (D0(A ),D 0(A )) on D(A ), whose heart is equivalent to A .
Condition (0) of Definition 2.1.2 is immediate to verify. Let us show that condition (i) holds. Let
a morphism f : X ! Y in D(A ) with X 2 D0, Y 2 D 1 be represented by a triplet
X
f 0
// Y 0 Y,too
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where t is a quasi-isomorphism. First of all, as X 2 D0, X is quasi-isomorphic to ⌧0(X), hence we
may assume that Xi = 0 for i > 0. Next, as Y 2 D1 and t is a quasi-isomorphism, we have Y 0 2 D 1,
so that the natural morphism r : Y 0 ! ⌧ 0(Y 0) is a quasi-isomorphism and the triplet
X
f 0r
// ⌧ o(Y 0) Ytroo
also represents the morphism f . Let us prove that f 0r = 0. Indeed, for i 6= 0 we have either Xi = 0
or (⌧ o(Y 0))i = 0, so that (f 0r)i = 0. For i=0 we have d0
⌧ o(Y 0)(f
0r)0 = (f 0r)10X0, X1 = 0, so that
(f 0r)0 = 0 because d0
⌧ o(Y 0) is a monomorphism. So condition (i) holds. Finally, for any X 2 D(A ) we
consider the exact sequence of complexes 0! X0 ! X ! X1 ! 0, where X0 = · · ·! X2 ! X 1 !
Ker(d0)! 0! 0! . . . and X1 = · · ·! 0! 0! Coker(d0)! X1 ! X2 ! . . . . Therefore condition
(ii) in Definition 2.1.2 is satisfied.
2.1.10 Proposition. Let (D0,D 0) be a t-structure on a triangulated category C and let X0 !
X ! X1 ! X0[1] be a distinguished triangle in C . If X 0, X 00 2 D0, then X 2 D0. Dually, if
X 0, X 00 2 D 0, then X 2 D 0. In other words, both the subcategories D0 and D 0 are stable under
extensions.
Proof. From X 0, X 00 2 D0 it follows that HomC (X 0, ⌧ 1(X)) = 0 and HomC (X 00, ⌧ 1(X)) = 0.
By applying the cohomological functor HomC ( , ⌧ 1(X)) to the triangle X0 ! X ! X1 ! X0[1],
we obtain a long exact sequence from which we conclude that HomC (X, ⌧ 1(X)) = 0. By Proposi-
tion 2.1.5, the latter is isomorphic to HomC (⌧ 1(X), ⌧ 1(X)). Hence id⌧ 1(X) = 0, so ⌧ 1(X) ' 0.
So X 2 D0, by Proposition 2.1.8.
2.1.11 Proposition. Let (D0,D 0) be a t-structure on a triangulated category C and letm,n 2 Z.
1) If m   n, then ⌧ m   ⌧ n ' ⌧ n   ⌧ m ' ⌧ m and ⌧m   ⌧n ' ⌧n⌧m ' ⌧n.
2) If n > m, then ⌧m   ⌧ n ' ⌧ n   ⌧m ' 0.
3) For any object X of C , there exists an isomorphism ⌧ n   ⌧mX ' ⌧m   ⌧ nX.
Proof. 1) Since ⌧ m(X) 2 D m ✓ D n, the canonical morphism ⌧ m(X) ! ⌧ n⌧ m(X) is an
isomorphism by Proposition 2.1.8, (1).
2) This follows from Proposition 2.1.8, (2).
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3) The unique nontrivial case is when m   n. The diagram

























yields, using the octahedral axiom, the distinguished triangle ⌧ n⌧m(X)! ⌧ n(X)! ⌧ m+1(X) [1]!.
Comparing this triangle to the canonical triangle ⌧m⌧ n(X)! ⌧ n(X)! ⌧ m+1(X) [1]! induces the
desired isomorphism.
2.1.12 Definition. Let (D0,D 0) be a t-structure on a triangulated category C and let A =
D0 \ D 0 be its heart. The t-cohomological functor is the functor H : C ! A defined by H0(X) =
⌧0⌧ 0X ' ⌧ 0⌧0X and H i(X) = H0(X[i]) for every object X of C and every i 2 Z.
2.1.13 Proposition. Let (D0,D 0) be a t-structure on a triangulated category C and suppose
that X 2 D n for some n 2 Z. Then
X 2 D 0 if and only if H i(X) = 0 for i < 0.
Proof. This is clear if n   0 from condition (0) of Definition 2.1.2. For n < 0, we can use the
distinguished triangle Hn(X)[ n]! X ! ⌧ n+1(X) [1]!.
2.1.14 Theorem. Let (D0,D 0) be a t-structure on a triangulated category C . The heart A =
D0 \D 0 is an abelian category.
Proof. Recall that in any triangulated category Xi ! Yi ! Zi [1]!, i = 1, 2, are distinguished
triangles if and only if X1   X2 ! Y1   Y2 ! Z1   Z2 [1]! is a distinguished triangle. Now given
X,Y 2 A , we apply this result to the triangles X id! X ! 0 [1]! and 0 ! Y id! Y [1]! to see that
X
id! X   Y ! Y [1]! is a distinguished triangle. By Proposition 2.1.10, X   Y 2 A . This shows that
A is an additive category.
Let us show that A has cokernels. Let f : X ! Y be a morphism in A . We embed f in a
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distinguished triangle X f! Y ! Z [1]!. Now the shifted triangle Y ! Z ! X[1] [1]! shows that
Z 2 D0 \ D  1. We claim that H0(Z) ' ⌧ 0(Z) ' Coker(f). Define   to be the composition
Y ! Z ! ⌧ 0(Z). Let W 2 A . From the long exact sequence
HomC (X[1],W )! HomC (Z,W )! HomC (Y,W )   f! HomC (X,W )
we see that HomC (X[1],W ) = 0. Suppose that g 2 HomC (Y,W ) is such that gf = 0. Since ⌧ 0 is a
left adjoint for the inclusion, the above sequence can be rewritten as
0! HomC (⌧ 0(Z),W )    ! HomC (Y,W )   f! HomC (X,W )
By exactness, there exists a unique g 2 HomC (⌧ 0(Z),W ) such that g  = g; the claim is established.
Similarly, we can show that H0(Z[ 1]) ' ⌧0(Z[ 1]) ' Ker(f). So A has also kernels.
Finally, let us show that Coim(f) ' Im(f). First we embed Y ! ⌧ 0(Z) in a distinguished triangle
Y ! ⌧ 0(Z) ! I[1] [1]! defining I (up to isomorphism). Let us show that I 2 A . It is immediate to
see that I 2 D 0. Then from the triangles Y ! Z ! X[1] [1]! and ⌧ 1(Z)! Z ! ⌧ 0(Z) [1]!, using
the octahedron axiom, we construct the distinguished triangle X ! I ! (⌧ 1(Z))[1] [1]!, that is
Ker(f)! X ! I [1]! . (2.1)
It follows that I 2 D0, and thus I 2 A . The triangle 2.1 shows that Coim(f) = Coker(Ker(f) !
X) = ⌧ 0(I) ' I. On the other hand, the triangle Y ! Coker(f) ! I[1] [1]! implies that Im(f) =
Ker(Y ! Coker(f)) = ⌧0(I[1][ 1]) ' I. Therefore Coim(f) ' I ' Im(f).
2.1.15 Proposition. Let (D0,D 0) be a t-structure on a triangulated category C with heart A .
The t-cohomological functor H : C ! A is cohomological.
Proof. Given a distinguished triangle X ! Y ! Z [1]! in C , we have to show that the sequence
H0(X)! H0(Y )! H0(Z)
is exact in A . First of all, we prove that if X,Y, Z 2 D 0 then
0! H0(X)! H0(Y )! H0(Z)
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is exact. If W 2 A , then
HomA (W,H
0(X)) ' HomC (W, ⌧ 0(X)) ' HomC (W,X)
since X 2 D 0. Moreover, HomC (W,Z[ 1]) = 0 because W 2 D0 and Z[ 1] 2 D 1. Thus, the long
exact sequence
HomC (W,Z[ 1])! HomC (W,X)! HomC (W,Y )! HomC (W,Z)
induced by the triangle is isomorphic to
0! HomC (W,H0(X))! HomC (W,H0(Y ))! HomC (W,H0(Z)).
Next we only assume that Z 2 D 0 and we easily reach the same conclusion as in the previous step.
Similarly, we can show the dual statement: if X 2 D0, then
H0(X)! H0(Y )! H0(Z)! 0
is exact. Finally, for the general case it is enough to consider the octahedron based on the composition
⌧0(X)! X ! Y.
2.1.16 Proposition. Let (D0,D 0) be a t-structure on a triangulated category C . The heart
A = D0 \D 0 is an admissible abelian category, i.e, every short exact sequence in A comes from a
distinguished triangle in C by suppressing the arrow of degree 1.
Proof. Given a distinguished triangle X f! Y g! Z [1]! in C with vertices in the heart A , by
applying the t-cohomological functor H0 we get a short exact sequence 0! X f! Y g! Z ! 0 in A .
Conversely, let us start from a short exact sequence 0 ! X f! Y g! Z ! 0 in A . Denote by S
a mapping cone of f . From the triangle Y ! S ! X[1] [1]! we see that S 2 D0 \ D  1. Since f
is a monomorphism in A , it follows that Ker(f) = 0, thus H 1(S) = 0. Hence S 2 A . Now since
g f = 0, we have that g factors through a morphism h : S ! Z. So we have the following commutative
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// Z // 0
from which we deduce that S ' Z. This concludes the proof.
The proof of the following lemma is easy.
2.1.17 Lemma. Let F : A ! A 0 be a functor between additive categories. Suppose that F is a left
adjoint (resp. a right adjoint) and that C has direct sums (resp. products). Then, for each family
(Ai)i2I of objects of A , the family (F (Ai))i2I has a direct sum (resp. a product) in A 0, and there is
an isomorphism
L




i2I F (Ai) ⇠= F (
Q
i2I Ai)).
2.1.18 Proposition. [PS13, Proposition 3.2] Let C be a triangulated category with direct sums
(resp. products). For any t-structure D = (D0,D 0) on C , the heart A = D0 \ D 0 has direct
sums (resp. products).
Proof. Let D = (D0,D 0) be a t-structure on C with heart A . The inclusion j : A ! D0 has
a left adjoint F : D0 ! A defined as follows: for each object D of D0, F (D) = H0D(D) ⇠= ⌧ 0(D).
Moreover, the counit of the adjunction F   j ! idA is an isomorphism of functors.
Now suppose that the triangulated category C has direct sums. Let (Ai)i2I be a family of objects in
the heart A . By what we have seen above, we have (F  j)(Ai) ⇠= Ai. Therefore, applying Lemma 2.1.17
we see that the family (Ai)i2I has a direct sum in A .
The statement about products is dual to the one for direct sums.
2.1.1 Non-degenerate t-structures
2.1.19 Definition. A t-structure (D0,D 0) in C is called non-degenerate if
T
n2ZD
n = 0 andT
n2ZD
 n = 0.
The proof of the following lemma is easy.
2.1.20 Lemma. A t-structure (D0,D 0) in C is non-degenerate if and only if for any X 2 C , if
H i(X) = 0 for all i 2 Z, then X = 0.
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Given an abelian category A , the natural t-structure on D(A ) (see Example 2.1.9) is non-
degenerate.
2.1.21 Proposition. If the t-structure (D0,D 0) in C is non-degenerate, the system of functors 
H i
 
is conservative, and an object X 2 C belongs to D0 (resp. to D 0) if and only if H i(X) = 0
for every i > 0 (resp. for every i < 0).




is conservative. Let f : X ! Y be
a morphism in C . Clearly, if f is an isomorphism then H if is an isomorphism for all i 2 Z. Conversely,
assume that H if is an isomorphism for all i 2 Z. We can complete f : X ! Y to a distinguished
triangle X f! Y ! Z [1]!. From the long exact sequence of cohomology
· · ·! Hj(X) '! Hj(Y )! Hj(Z)! Hj+1(X) '! Hj+1(Y )! Hj+1(Z)! . . .
we see that H i(Z) = 0, for every i 2 Z. Since the t-structure is non-degenerate, it follows that Z = 0,
hence f is an isomorphism.
Now let us prove the second statement. If X 2 D0 then H i(X) = 0 for every i > 0 by
Proposition 2.1.13. Conversely, let X 2 C and suppose that H i(X) = 0 for every i > 0. As
H i(X) ' H i(⌧ 1(X)) for i > 0, we have H i(⌧ 1(X)) = 0 for all i 2 Z. So ⌧ 1(X) = 0, from
which it follows that X 2 D0.
2.1.22 Corollary. Let D = (D0,D 0) be a non-degenerate t-structure on C . An object X of C
is D-static of degree d, for some d 2 Z, if and only if Hj(X) = 0 for each j 6= d.
Proof. According to Definition 2.1.4, an object X of C is D-static of degree d if and only if it
belongs to A [ d] = Dd \ D d. By Proposition 2.1.21, this happens if and only if Hj(X) = 0 for
each j 6= d.
2.1.23 Definition. A t-structure (D0,D 0) in C is called bounded if for any X 2 C there exists
n 2 N such that X 2 Dn \D  n (equivalently, Sn2ZDn = C = Sn2ZD n).
Clearly, any bounded t-structure is non-degenerate. Moreover, a bounded t-structure (D0,D 0)
is determined by its heart A . Indeed, D0 is the extension-closed subcategory generated by the
subcategories A [j] for integers j   0 while D 0 is the extension-closed subcategory generated by the
subcategories A [j] for integers j  0, as the following proposition shows.
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2.1.24 Proposition. Let A ✓ C be a full additive subcategory of a triangulated category C . Then
A is the heart of a bounded t-structure (D0,D 0) in C if and only if the following two conditions
hold:
(i) if k1 > k2 are integers then HomC (A[k1], B[k2]) = 0 for all A,B of A ;
(ii) for every nonzero object E 2 C there are a finite sequence of integers k1 > k2 > ... > kn and a
collection of triangles
0 = E0 // E1 //
⇤⇤






with Aj 2 A [kj ] for all j.
Proof. One implication is clear: if A is the heart of a bounded t-structure, then both conditions
(i) and (ii) hold true. For the converse, define D0 := {E 2 C |E 6= 0, Ai = 0, for ki > 0} [ {0} and
D 0 := {E 2 C |E 6= 0, Ai = 0, for ki  0}[{0}. Then (D0,D 0) is a t-structure on C whose heart
is A .
2.1.2 Aisles and co-aisles of t-structures
Let C be a triangulated category.
2.1.25 Definition. A full additive subcategory D of C is called an aisle (resp. a co-aisle) in C if:
(i) D is stable under suspensions (resp. cosuspensions).
(ii) D is stable under extensions.
(iii) The inclusion i : D ! C admits a right adjoint (resp. left adjoint)   : C ! D .
In what follows, we shall prove that the map (D0,D 0) 7! D0 (resp. (D0,D 0) 7! D0)
underlies a bijection between the class of t-structures on C and the class of aisles (resp. of co-aisles)
on C .
2.1.26 Proposition. [KV88a, Proposition 1.1] A full additive subcategory D of C is an aisle (resp.
a co-aisle) if and only if the following conditions hold:
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(i) D is stable under suspensions (resp. cosuspensions).
(iii’) For each object X of C there is a distinguished triangle
A! X ! B ! A[1]
in C , with A 2 D and B 2 D? (resp. with B 2 D and A 2 ?D).
Proof. Suppose that D satisfies (i) and (iii’). The long exact sequence arising from the triangle
in (iii’) shows that HomC (D,A) ' HomC (D,X) for each D 2 D . If D ! X ! E [1]! is a triangle and
D,E 2 D then HomC (X, ) vanishes on D? and B. In particular, the morphism B ! A[1] of (iii’)
has a retraction, hence B = 0 and X ' A lies in D .
Conversely, assume that D is an aisle in C . To prove (iii’), we form a triangle A  ! X  ! X 0 ✏!
using the adjunction morphism  . Let D 2 D and f 2 HomC (D,X 0). Let us consider the following
morphism of triangles:












// X 0 ✏ //
From (ii) it follows that E 2 D . By assumption, g factors uniquely through  . Therefore, h has a
retraction and ✏f = 0. So f factors trough  and through    = 0 since D 2 D .
The datum of a t-structure is thus equivalent to the datum of its aisle (or equivalently of its co-aisle).
2.2 Compactly generated t-structures
In this section we recall a technique of constructing t-structures. The main references are [HKM02]
and [BR07].
2.2.1 Definition. Let C be a triangulated category and let T be a class of objects in C .
-An object P 2 C is called strictly positive with respect to T if for every A 2 T and every integer
n   0, we have
HomC (A[n], P ) = 0.
-An object N 2 C is negative with respect to T if for every strictly T -positive object P of C we
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have
HomC (N,P ) = 0.
We denote by D 1T the full subcategory of C consisting of strictly positive objects and by D
0
T the full
subcategory of negative objects. More generally, for every integer m 2 Z we denote by D mT (resp.
DmT ) the full subcategory of C consisting of objects A[m], with A 2 Ob(D 1T ) (resp. A 2 Ob(D0T )).
2.2.2 Lemma. Keep the notations of the Definition 2.2.1.






2) Let m be an integer. Then D mT is a cosuspended subcategory. Dually, D
m
T is a suspended
subcategory.
3) The subcategory D mT is stable under representable categorical limits. The subcategory D
m
T is
stable under representable categorical colimits.
4) If C has small products (resp. small direct sums) then D mT (resp. D
m
T ) is stable under homo-
topy limits (resp. homotopy colimits) of Nop-diagrams (resp. N-diagrams).
Proof. The inclusion T ✓ Ob(D0T ) is clear.
Let us show that D 1T is cosuspended by verifying the stability under extensions and cocones. Let
P and Q be two strictly positive objects and consider the following distinguished triangles:
P ! E ! Q [1]! and R! P ! Q [1]!
For any A in T we have the exact sequences:
HomC (A[n], P )! HomC (A[n], E)! HomC (A[n], Q)
HomC (A[n+ 1], Q)! HomC (A[n], R)! HomC (A[n], P )
Since the groupsHomC (A[k], P ) andHomC (A[k], Q) are zero for k   0, we deduce thatHomC (A[n], E) =
0 and HomC (A[n], R) = 0. Thus, E and R are strictly positive. In particular, D 1T is stable under
cosuspensions. So we deduce the inclusions D mT ◆ D mT
0
, for m  m0, of 1).
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Let us prove that D0T is suspended by verifying the stability under extensions and cones. Suppose
we have two distinguished triangles:
M ! E ! N [1]! and M ! N ! C [1]!
with M and N negative objects. For any strictly positive object P the exact sequences:
HomC (N,P )! HomC (E,P )! HomC (M,P )
HomC (M [1], P ) = HomC (M,P [ 1])! HomC (C,P )! HomC (N,P )
show that HomC (E,P ) = 0 and HomC (C,P ) = 0 (here we use the fact that P [ 1] is strictly positive).




Notice that point 4) follows immediately from 3), from the stability under cones (resp. cocones)
and from the definition of homotopy limit (resp. homotopy colimit). So let us prove 3). Let I be a
small category and F : I ! D 1T a functor. Suppose that F admits a limit L in C . If A is any object
of T , we have for any integer n   0: HomC (A[n], L) = lim! I HomC (A[n], F (i)) = 0, which shows that
L is strictly positive. We proceed dually for the other case. If F admits a colimit C in C , we have for
any strictly positive object P : HomC (C,P ) = lim! I HomC (F (i), P ) = 0.
If T consists of compact objects, we have:
2.2.3 Proposition. Keep the notations of the definition 2.2.1. Suppose that C has small direct
sums and that T consists of compact objects. Then:
1) The pair (D0T ,D
 0
T ) is a t-structure on C .
2) The subcategory D0T is equal to hhT ii+, that is, the smallest suspended subcategory closed under
direct sums and containing the objects of T .








We set  0(X) = X. Then we define by induction on k 2 N \ {0}:
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   k(X) =  ( k 1(X)),
  ↵k 1 = ↵ k 1(X) :  k 1(X)!  k(X).
In this way we obtain an N-diagram:
X =  0(X) // . . . //  k 1(X)
↵k 1
//  k(X)
↵k //  k+1(X) // . . .
We define an object BX of C by setting BX = HoColimk2N k(X). Then we consider the distinguished
triangle in C :
AX ! X ! BX [1]!
To prove the proposition, it suffices to show that:
1. AX 2 hhT ii+,
2. BX is strictly T -positive.
Indeed, by Lemma 2.2.2 we have that hhT ii+ ✓ D0. So the first point shows that A is negative. On
the other hand, let N be a negative object. Since we have a t-structure, the distinguished triangle:
AN ! N ! BN [1]!
is the unique distinguished triangle with extrema respectively negative and strictly positive. Thus
AN = N and BN = 0. In particular N is in hhT ii+, so we have the inclusion D0 ✓ hhT ii+.
Let us prove points 1. and 2. above. For the second point, choose an object C in T and an integer
m   0. Since C is compact, we have:




It suffices to show that the colimit of abelian groups on the right side is zero. To do this, we will show
that the transition morphisms:
HomC (C[m], 
k(X))! HomC (C[m], k+1(X))
are zero. For every morphism c : C[m]!  k(X), there exists a dotted morphism making the following







//  k(X) //  k+1(X)
Since the composite of the horizontal arrows is zero, the second point is proved.
To show that AX 2 hhT ii+, consider the distinguished triangles:
Yk ! X !  k(X) [1]!













Using the definition of homotopy colimit, we see that AX is the homotopy colimit of the Yk. So it
suffices to prove that the Yk are in hhT ii+. We shall show this by induction on k (for k = 0, this is
clear because Y0 = 0).
By applying the octahedron axiom to 2.2, we obtain a distinguished triangle:






The subcategory hhT ii+ is stable under extensions and small direct sums, so the first point follows.
2.2.4 Definition. The t-structure (D0T ,D
 0
T ) is called the t-structure compactly generated by T .
2.2.5 Corollary. Under the assumption of the proposition 2.2.3, for any object E of C we have:
1) E is negative with respect to T if and only if for every strictly positive object P , one has
HomC (E,P ) = 0.
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2) E is strictly positive with respect to T if and only if for every negative object N , one has
HomC (N,E) = 0.
Under certain assumptions on T , the t-structure (D0T ,D
 0
T ) is non-degenerate:
2.2.6 Proposition. Keep the hypotheses of the proposition 2.2.3. Assume also that:
i) T is a set of generators of C , and C has small direct sums,
ii) for any A in T there exists an integer dA such that for every B in T , HomC (A,B[n]) = 0 for
every n   dA.
Then the t-structure generated by T is non-degenerate.
Proof. First let us show that
T
n2ZD
 n = 0. Let P be an object in this intersection and let m be
an integer. Ifm is negative, then P [m] is again strictly positive since D 1 is stable under cosuspensions.
Ifm is positive, then P [m] is again strictly positive because P 2 Ob(D m+1). Therefore for each A 2 T
and each integer m we have HomC (A[m], P ) = HomC (A,P [ m]) = 0. In other words, P is orthogonal




n = 0, we show that if A 2 T and N 2 D0 then HomC (A,N [n]) = 0
for all n   dA (where dA is as in the statement). We will show that D0 = hhT ii+ ✓ DA, where
DA is the full subcategory of C consisting of the objects X such that HomC (A,X[n]) = 0 if n   dA.
Since by assumption T ✓ Ob(DA), it suffices to show that DA is stable under direct sums and that DA
is suspended. The first assertion follows from the fact that A is compact. For the second assertion,
we prove the stability under extensions and cones. Let Q and R be objects of DA and consider the
distinguished triangles:
Q! E ! R [1]! and Q! R! C [1]!
We have the exact sequences:
HomC (A,Q[n])! HomC (A,E[n])! HomC (A,R[n])
HomC (A,R[n])! HomC (A,C[n])! HomC (A,Q[n+ 1])
which show that for n   dA we have HomC (A,E[n]) = 0 and HomC (A,C[n]) = 0.
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Now let us prove that
T
n2ZD
n = 0. Let N be an object in this intersection. For any integer m,
the object N [m   dA] is in D0 and so for what we have just proved HomC (A,N [m]) = 0. Since T
generates C , we deduce that N = 0.
2.2.7 Definition. -Let C be a triangulated category endowed with a t-structure (D0,D 0). An
object of D0 is called t-negative. An object of D 0 is called t-positive. An object is bounded above
(resp. bounded below) if some shift of this object is t-negative (resp. t-positive). It is bounded if it is
both bounded above and bounded below.
-A functor F : C ! C 0 between triangulated categories endowed with t-structures is called t-negative
(resp. t-positive) if it sends each t-negative (resp. t-positive) object to an object of the same t-sign. It
is called t-exact if it is both t-negative and t-positive.
2.2.8 Lemma. Let C and (Ci)i be triangulated categories endowed with t-structures. Suppose we
are given a conservative family of t-exact functors Fi : C ! Ci. Let E be an object of C . Then E is
positive (resp. negative) if and only if Fi(E) is positive (resp. negative) for every i.
Proof. We only show the positive case (the negative case follows by duality). Clearly, if E is
positive then Fi(E) is positive for every i, since Fi is t-exact by assumption. Conversely, suppose that
Fi(E) is positive for every i. There exists a distinguished triangle:
A! E ! B [1]!
with A negative and B strictly positive. Thus E is positive if A is zero. Since the family (Fi) is
conservative, it suffices to show that Fi(A) is zero for every i. Since Fi is t-exact, Fi(A) is negative
and Fi(B) is strictly positive. It follows that:
Fi(A)! Fi(E)! Fi(B) [1]!
is the unique distinguished triangle with vertices respectively: a negative object, Fi(E) and a strictly
positive object. Since Fi(E) is positive, we have Fi(A) = 0.
The following lemmas give criterions for the t-exactness of functors.
2.2.9 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories endowed
with t-structures. Then:
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1) Suppose that F admits a left adjoint Fl which is t-negative. Then F is t-positive.
1) Suppose that F admits a right adjoint Fd which is t-positive. Then F is t-negative.
Proof. The two properties are dual. Let us show the first one. Let P be a strictly t-positive
object of C . For any t-negative object N of C , we have by the adjunction: HomC 0(N,F (P )) '
HomC (Fl(N), P ) = 0, since Fl is t-negative and so Fl(N) is negative. Thus F (P ) is strictly t-positive.
2.2.10 Lemma. Let F : C ! C 0 be a triangulated functor between triangulated categories. Suppose
that C has small direct sums and that F commutes with small direct sums. Suppose also that C 0 is
endowed with a t-structure (D 00,D 0 0). Let T be a set of compact objects of C and let us endow C
with the t-structure (D0,D 0) generated by T . If for every A in T , the object F (A) is t-negative,
then the functor F is t-negative.
Proof. Let D be the full subcategory of C having as class objects F 1(Ob(D 00)). We have to
show that hhGii+ = D0 ✓ D . It suffices to show that:
1. T ✓ Ob(D);
2. D is stable under direct sums;
3. D is suspended.
The first point is in the assumptions. For the second point, given a family (Di)i2I of objects of D ,
since F commutes with direct sums, we have:
HomC 0(F ( iDi), P ) '
Y
i
HomC 0(F (Di), P ) = 0
for any strictly t-positive object P . This shows that F ( iDi) is negative and so  iDi is in D . For the
third point, let A and B be objects of D and consider the distinguished triangles:
A! E ! B [1]! and A! B! C [1]!
To show that E and C are in D , it suffices to prove that F (E) and F (C) are t-negative. So let us
apply F to the triangles:
F (A)! F (E)! F (B) [1]! and F(A)! F(B)! F(C) [1]!
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The subcategory D 00 is suspended and the objects are t-negative, hence the result follows.
2.2.1 Two useful lemmas
2.2.11 Lemma. [BPP13, Theorem 2.3] Let (D0i ,D
 0
i ), i = 1, 2, be two t-structures on C . Then:
1. if C has direct sums and the co-aisles are closed under taking homotopy colimits in C then
D 01 \D 02 is a co-aisle whose aisle is hhD01 ,D02 ii+, that is the smallest suspended subcategory
of C containing both D01 and D
0
2 , and stable under small direct sums;
2. if C has direct products and the aisles are closed under taking homotopy limits in C then D01 \
D02 is an aisle whose co-aisle is hhD 01 ,D 02 ii , that is the smallest cosuspended subcategory of
C containing both D 01 and D
 0
2 , and stable under products.
In the first (resp. second) case we define D1,2 := (hhD01 ,D02 ii+,D 01 \D 02 ) (resp. 1,2D := (D01 \
D02 , hhD 01 ,D 02 ii )) the associated t-structures on C .
Proof. Let us prove the first assertion. Note that the required closure under (co)suspension and
the orthogonality condition are satisfied. We shall prove the existence of a distinguished triangle as in
Definition 2.1.2. For i = 1, 2, we denote by  0i ,  
 0




i ). We will
produce two sequences Xj and Yj of objects of C , for j   0, where Xj 2 hhD01 ,D02 ii+ and Yj 2 D 02
if j is even and Yj 2 D 01 if j is odd, with distinguished triangles Xj ! C ! Yj
[1]!.
First consider the distinguished triangle
 02 (C)! C !   02 (C)
[1]!
We set X0 :=  02 (C) and Y0 :=  
 0
2 (C). Suppose j > 0 and that we have a triangle
Xj 1 ! C ! Yj 1 [1]!
with Xj 1 2 hhD01 ,D02 ii+ and Yj 1 2 D 02 if j   1 is even and Yj 1 2 D 01 if j   1 is odd. Consider



























where i = 1 if j   1 is even and i = 2 if j   1 is odd, Xj := Cone(C ! Yj)[ 1] and the dotted arrows
are obtained by the octahedral axiom. Since $hhD01 ,D02 ii+ is closed under extensions, it follows that
Xj 2 hhD01 ,D02 ii+. Moreover, Yj 2 D 02 if j is even and Yj 2 D 01 if j is odd.
In this way we obtain the following tower of distinguished triangles:
X0
✏✏
















. . . . . . . . .
(2.3)
Let B be the homotopy colimit of the sequence Y0 ! Y1 ! Y2 ! . . . . By the fact that D 0i is closed
under taking homotopy colimits in C and by [Nee01, Lemma 1.7.1], it follows that B 2 D 01 \ D 02 .
Let A := Cone(C f! B)[ 1], where f is the canonical morphism. Then we obtain the distinguished
triangle
A! C ! B [1]!
From the tower (3.5), using the fact that the direct sum of triangles is a triangle and the octahedral
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Since hhD01 ,D02 ii+ is closed under direct sums, extensions and suspension, it follows that A in
the first vertical distinguished triangle also lies in hhD01 ,D02 ii+.
The second assertion is proved dually.
2.2.12 Remark. i) If T is a compactly generated t-structure on C , then by Lemma 1.2.3 and Propo-
sition 2.2.3 its co-aisle is closed under taking homotopy colimits in C .
ii) Keep the hypotheses (1) (resp. (2)) of Lemma 2.2.11. If the t-structures (D0i ,D
 0
i ) are bounded,
then clearly the new t-structure D1,2 (resp. 1,2D) is bounded.
2.2.13 Lemma. Let A be an AB5 abelian category (i.e. it admits direct sums and filtered colimits
of exact sequences are exact). Then the co-aisle of the natural t-structure on D(A ) is closed under
taking homotopy colimits in D(A ).
Proof. Let consider the sequence X0
f0! X1 f1! X2 f2! · · · whose objects Xn belong to D 0(A )
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Its rows and columns are distingueshed triangles since direct sums are exact in A . We have:
HoColimn(  1Xn) 2 D 0(A ), so HoColimn(Xn) 2 D 0(A ) if and only if HoColimn(H0(Xn)) 2
D 0(A ). Let us prove that g := id   ( H0(fn)) is a monomorphism. This will permit to conclude
since in this case HoColimn(H0(Xn)) ⇠= lim! nH
0(Xn) 2 D 0(A ).
In order to prove that g is a monomorphism we have to prove that given ↵ 2 HomA (A, n2NH0(Xn))
such that g   ↵ = 0 we obtain ↵ = 0. By hypothesis the category A is AB5, and this guarantees that






induced by pm 2 HomA ( n2NH0(Xn),H0(Xm)) with m 2 N is injective, so ↵ = 0 if and only if
pm   ↵ = 0 for any m 2 N. Now we have:
p0   g = p0; pm   g = pm  H0(fm 1)   pm 1 8m   1.
Then g   ↵ = 0 implies pm   g   ↵ = 0 for any m 2 N, so p0   ↵ = p0   g   ↵ = 0. By induction let us
suppose that pm 1   ↵ = 0 with m   1 and let us prove that pm   ↵ = 0:
0 = pmg   ↵ = pm  H0(fm 1)   pm 1   ↵ = pm   ↵.
This concludes the proof.
2.3 Torsion theories in abelian categories
Torsion theories in abelian categories were introduced formally by Dickson [Dic66] as a generalization
of the well known pair (Torsion abelian groups, Torsion-free abelian groups) in the category of abelian
groups. The reader may also see the work of Beligiannis and Reiten [BR07] or the book of Stenström
[Ste75] for a comprehensive treatment. The use of torsion theories became then indispensable for the
study of localization in various context, such as the localization of topological spaces or spectra, the
localization theory of rings and categories, the local study of an algebraic variety, and the tilting theory.
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2.3.1 Generalities
2.3.1 Definition. A torsion theory in an abelian category A is a pair (T ,F ) of strict (i.e. closed
under isomorphisms) full subcategories of A satisfying the following conditions:
(i) HomA (T, F ) = 0 for every T 2 T and every F 2 F .
(ii) For any object E 2 A there exists a short exact sequence:
0! T ! E ! F ! 0 (2.4)
in A such that T 2 T and F 2 F .
The subcategory T is called the torsion class and F is called the torsion-free class of the torsion theory.
2.3.2 Remark. If (T ,F ) is a torsion theory in an abelian category A , then the pair (F opp,T opp)
is a torsion theory in the opposite category A opp.
2.3.3 Lemma. Let (T ,F ) be a torsion theory on A . Then:
1) The subcategory T is the left orthogonal subcategory of F , and F is the right orthogonal sub-
category of T .
2) The subcategory T is stable under quotients, extensions and (existing) small coproducts and the
subcategory F is stable under extensions, subobjects and (existing) small products.
Proof. 1) By definition T ✓ ?F (resp. F ✓ T ?). Given any object E of ?F (resp. of T ?),
the short exact sequence 2.4 reduces to
0! T '! E ! 0! 0 (resp. 0! 0! E '! F ! 0 )
and this shows that E 2 Ob(T ) (resp. E 2 Ob(F )), so T = ?F (resp. F = T ?).
Statement 2) is easy.
The following lemma is easily verified:
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2.3.4 Lemma. Let A be a locally small complete and cocomplete abelian category. For any object E
of A , the set of all subobjects of A is a complete lattice under the following operations: for a family













Ei = Im ( i2IEi ! E)
The next result is a partial converse to Lemma 2.3.3:
2.3.5 Lemma. Let A be a locally small complete and cocomplete abelian category. Then any full
subcategory of A which is stable under quotients, extensions and small direct sums, is a torsion class
of a torsion theory on A . Dually any full subcategory of A which is stable under subobjects, extensions
and small products, is a torsion-free class of a torsion theory on A .
Proof. Let T be a full subcategory of A stable under quotients, extensions and small direct
sums. Define F to be the right orthogonal subcategory of T . Then clearly HomA (T, F ) = 0 for every
T 2 T and every F 2 F . Now let E be an object of A . Let E be the class of all subobjects of E
lying in Ob(T ). By assumption, the class E can be indexed by a set, E = (Ei)i2I . Let T be the least
upper bound of the family E given by Lemma 2.3.4. Then T is a subobject of E which lies in Ob(T ),
since T is closed under quotients and small direct sums. It remains to show that E/T 2 Ob(F ). So
let X be an arbitrary object of T and suppose that a morphism f : X ! E/T in A is given. Then
Imf is of the form H/T for some subobject H of E containing T . Being a quotient of an object in T ,
the object H/T is in T and the short exact sequence
0! T ! H ! H/T ! 0
shows that H 2 Ob(T ) or H = T . Therefore, f = 0. So E/T 2 Ob(F ).
The proof of the second statement can be obtained by passing to the opposite category.
2.3.6 Proposition. Let (T ,F ) be a torsion theory in an abelian category A . The inclusion of T
in A (resp. of F in A ) admits a right adjoint functor R (resp. left adjoint functor L), i.e. there
exist natural morphisms R(X)! X (resp. L(X)! X) such that the induced map
HomT (X,R(Y ))! HomA (X,Y )
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is an isomorphism for all X 2 T , Y 2 A (resp.
HomF (L(X), Y )! HomA (X,Y )
is an isomorphism for all X 2 A ,Y 2 F ).
Proof. The assignment
8E 2 Ob(A ),R(E) = T
as in the short exact sequence 2.4 of Definition 2.3.1, extends to an additive functor R : A ! T . Let
us show that R is right adjoint to the inclusion of T in A . Let X 2 Ob(T ), Y 2 Ob(A ) and suppose
we are given a morphism f : X ! R(Y ) in T . The composition
X
f! R(Y )! Y
gives a morphism X ! Y in A . This defines a homomorphism of abelian groups
HomT (X,R(Y ))! HomA (X,Y )
which is clearly injective. It remains to show that this homomorphism is surjective. Given a morphism
g : X ! Y in A we get the following diagram:




0 // TY // Y // FY // 0
Since the compositionX ! Y ! FY is zero, we get a morphismX ! TY . The conclusion is immediate.
The proof of the other statement is the dual proof.
We have the following characterization of torsion or torsion-free classes:
2.3.7 Proposition. Let A be an abelian category and let T and F be full subcategories of A
closed under isomorphisms.
1) F is a torsion-free class in A if and only if the inclusion of F in A admits a left adjoint and
F is stable under extensions of left exact sequences, that is, if 0! X1 ! E ! X2 is a left exact
sequence with X1, X2 2 F , then E lies in F .
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2) T is a torsion class in A if and only if the inclusion of T in A admits a right adjoint and T
is stable under extensions of right exact sequences, that is, if X1 ! E ! X2 ! 0 is a right exact
sequence with X1, X2 2 T , then E lies in T .
Proof. 1) Let F be a torsion-free class and let 0 ! X1 f! E g! X2 be a left exact sequence
with X1, X2 2 F . Since F is stable under subobjects, Im(g) 2 Ob(F ), and since F is stable under
extensions, we have E 2 Ob(F ). Hence F is stable under extensions of left exact sequences and by
Proposition 2.3.6 the inclusion of F in A admits a left adjoint.
Conversely, suppose thatF is stable under extensions of left exact sequences and that the inclusion
of F in A admits a left adjoint. Then clearly F is stable under extensions and subobjects. Let
L : A ! F be the left adjoint to the inclusion of F in A and let ⌘ : idA ! L be the counit of
the adjunction. Since F is stable under subobjects, one immediately sees that for every object E
of A the inclusion Im(⌘E) ,! L(E) is invertible, hence ⌘E is an epimorphism. Let us show that
for every object E of A one has Ker(⌘E) 2 Ob( ?F ). Indeed, suppose we are given a morphism
↵ : Ker(⌘E) ! F in A with F 2 Ob(F ). Then in the fibered product 0 ! F ! F 0 h! L(E) ! 0 of
0 ! Ker(⌘E) ! E h! L(E) ! 0 along ↵, the object F 0 is in F since F is stable under extensions.
Since ⌘E is the reflection morphism of E in F , it follows that h splits, hence there exists a morphism
  : E ! F such that ↵ =     ◆, where ◆ : Ker(⌘E) ! E is the canonical inclusion. Since F 2 Ob(F ),
then   factors through ⌘E , and this implies that   = 0, hence ↵ = 0. So Ker(⌘E) 2 Ob( ?F ). It
follows that F is the torsion-free class of the torsion theory ( ?F ,F ) in A .
The proof of statement 2) can be obtained by passing to the opposite category.
2.3.2 Faithful torsion theories
Let R be an associative ring with identity.
2.3.8 Definition. A torsion theory (T ,F ) in the module category Mod-R is called faithful if the
regular module RR is an object of F .
For each M 2 Mod-R, let us denote by AnnR(M) the right annihilator of M in Mod-R, i.e., the
right ideal of R:
AnnR(M) = {r 2 R | mr = 0, for every m 2M}.
If M is a full subcategory of Mod-R, we set AnnR(M ) =
T{AnnR(M) |M 2M }.
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2.3.9 Proposition. Let (T ,F ) be a torsion theory in Mod-R. The following conditions are equiv-
alent:
a) The torsion theory (T ,F ) is faithful.
b) AnnR(F ) = 0.
c) The torsion-free class F generates Mod-R, i.e. any object of Mod-R is a quotient of an object
in F .
Proof. a) ) b). Assume that (T ,F ) is faithful, i.e. RR 2 F . Then 0 = AnnR(R) ◆T
M2F AnnR(M) = AnnR(F ), thus AnnR(F ) = 0.
b) ) a). Assume that AnnR(F ) = 0, and by contradiction suppose that RR /2 F . Then there
exist N 2 T and a non-zero R-homomorphism f : N ! RR, so there is ⇠ 2 N with f(⇠) = r 6= 0. Let
M 2 F and for each m 2 M define the map gM,m : N ! M by gM,m(x) = mf(x). The verification
that gM,m is an R-homomorphism is straightforward. By definition of torsion theory, we have that
gM,m = 0, for every M 2 F and m 2M . In particular, mr = 0 for every m 2M and M 2 F . Hence
r 2 AnnR(F ), so r = 0, a contradiction. Therefore, RR 2 F .
a) ) c). This is clear, since RR generates Mod-R.
c)) a). Assume that F generates Mod-R. Then there exists an exact sequence   Y  ! RR ! 0,
where Y  2 F . Since RR is projective, this sequence splits. It follows that RR 2 F , because F is
stable under taking subobjects in Mod-R.
Chapter 3
New aspects of tilting theory
In this chapter, we investigate some aspects of tilting theory.
In the first section, we deal with the tilting procedure, originally due to Happel, Reiten and Smalø
[HRS96], which takes as an input the heart of a (non-degenerate) t-structure on a triangulated category
C and a torsion theory on this heart, and permits to construct a new t-structure on C .
In the second section, we introduce the notion of gap for an ordered pair (D ,T ) of t-structures on a
triangulated category C (see Definition 3.2.1). We give a structure result for such pairs of t-structures
by means of the so-called right (resp. left) tilting chains (see Definition 3.2.6). Such a chain allows to
filter the co-aisle (resp. aisle) of the t-structure T using n steps with gap 1, which can be described
in terms of suitable torsion theories (see 3.2.6, 3.2.8 and 3.2.9). In this way we find a one to one
correspondence between the pairs of t-structures (D ,T ) with gap n and the maximal right (resp. left)
tilting chains of length n between D and T (see Theorem 3.2.9).
Then we introduce the notion of a tilting (resp. cotilting) t-structure, which appears as a natural
generalization of the concept of a tilting (resp. cotilting) torsion theory (see Definition 3.1.6). Using
this notion, we prove a generalization of [HRS96, Theorem 3.3] (see Theorem 3.2.15).
In the last section, we introduce for a pair (D ,T ) of t-structures with gap n on a triangulated
category C , a generalized decomposition of any object in the heart of D by means of a finite tree of
short exact sequences in hearts of different t-structures HD =H0, ...,Hn =HT . This decomposition
can be represented as a tree, called tilting tree (see Definition 3.3.1).
The results contained in this chapter are based on the work [FMT14].
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3.1 Tilt with respect to a torsion theory
3.1.1 Generalities
In what follows, we shall consider only non-degenerate t-structures. Given a triangulated category C
and two t-structures D = (D0,D 0) and T = (T 0,T  0) on C , the truncation functors will be
denoted by  0,   0 and ⌧0, ⌧ 0, respectively. Moreover, we will denote by HD and HT the hearts
of D and T , respectively, and by HD and HT the associated cohomological functors.
We recall the notion of a t-structure obtained by tilting D with respect to a torsion theory on the
heart of D . The result is originally due to Happel, Reiten and Smalø [HRS96, Proposition 2.1]. Here
we propose a more general version.
3.1.1 Proposition. Let A be the heart of a t-structure (D0,D 0) on a triangulated category C
and let (X ,Y ) be a torsion theory on A . The the pair (T 0,T  0) of full subcategories of C :
T 0 = {C 2 C | H0D(C) 2X , H iD(C) = 0 8i > 0}
T  0 = {C 2 C | H 1D (C) 2 Y , H iD(C) = 0 8i <  1}
is a t-structure on C .
Proof. Condition (0) of definition 2.1.2 is immediate.
Let us prove condition (i). Given X 2 T 0 and Y 2 T  1, (by the non-degenerance hypothesis of
(D0,D 0) and Proposition 2.1.21) we have that X 2 D0 and Y 2 D 0, hence











where the last equality holds since H0D(X) 2X and H0D(Y ) 2 Y .
Finally, let us show condition (ii). Let C be an object of C . From the triangle
  1(C)! C !   0(C) +1!
we obtain a morphism H0D(C)[0] !   1(C)[1]. By precomposing this morphism with the inclusion
of the torsion part X of H0D(C) (with respect to (X ,Y )) into H
0
D(C), we get a morphism X[0] !
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  1(C)[1], which we can complete to a distinguished triangle
A! X[0]!   1(C)[1] +1! (3.1)
Thus shifting (3.1) we obtain   1(C) ! A ! X[0] +1! which is (up to a shift) the approximating
triangle of A since   1(C) 2 D 1 while X[0] 2 D 0. So   1(C) =   1(A) and let us consider













  0(C)[ 1] //   1(C) // C +1 //
there exists a morphism h : A ! C which makes the whole diagram commutative. By applying the
cohomological functor HD to the distinguished triangle A
h! C ! B +1! (where B is the mapping cone
of h) one gets that B 2 T  1.
3.1.2 Definition. Keep the notations of Proposition 3.1.1. The t-structure (T 0,T  0) is said to
be obtained by tilting A with respect to the torsion theory (X ,Y ).
3.1.3 Remark. Keep the notations of Proposition 3.1.1. The objects of HT are represented, up to
isomorphism, by objects of the form
X 2 Ob(C ), with H 1D (X) 2 Y , H0D(X) 2X and H iD(X) = 0 for i 6=  1, 0.
3.1.4 Corollary. Keep the notations of Proposition 3.1.1.
1) Then pair (Y [1],X [0]) is a torsion theory on HT .
2) The t-structure obtained by tilting HT with respect to (Y [1],X [0]) equals D [1].
Proof. 1) First of all, since Y [1] ✓ D 1 and X [0] ✓ D 0 it is clear that HomHT (A,B) = 0,
for every A 2 Y [1] and every B 2 X [0]. Furthermore, by Remark 3.1.3, given any object C 2 HT ,
consider the short exact sequence in HT :
0! H 1D (C)[1]! C ! H0D(C)! 0
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with H 1D (C)[1] 2 Y [1] and H0D(C) 2X [0].
2) Let D 0 be the t-structure on C obtained by tilting HT with respect to (Y [1],X [0]). We have
to show that D 0 = D [1]. Clearly, it is sufficient to prove that D 00 = D 1. Let X 2 D 00. Since
T 0 ✓ D0, it follows that ⌧ 1(X) 2 D 1, so we have the following distinguished triangle in C :
⌧ 1(X)! X ! H0T (X) +1!
From the above triangle we see that X is an extension of two objects in D 1, thus X 2 D 1.
This proves that D 00 ✓ D 1. To prove the reverse inclusion, pick an object Y 2 D 1. Since
D 1 ✓ T 0 and T is non-degenerate, it follows that H iT (Y ) = 0, for every i > 0. Furthermore,
H0T (Y ) ' ⌧ 0(Y ) 2 HT \ D 1, and the latter equals Y [1]. So Y 2 D 00. This shows that
D 1 ✓ D 00.
The following result, due to Polishchuk, characterizes those t-structures which are induced by
torsion theories. The criterion is rather simple:
3.1.5 Proposition. [Pol07, Lemma 1.2.2] Let D = (D0,D 0) and T = (T 0,T  0) be two t-
structures on a triangulated category C . Then T is obtained from D by tilting with respect to a torsion
theory in HD if and only if
D 1 ✓ T 0 ✓ D0 (equivalently, D 1 ✓ T  1 ✓ D 0).
Proof. By proposition 3.1.1 it is clear that any t-structure T which is obtained from D by tilting
with respect to a torsion theory in HD satisfies D 1 ✓ T 0 ✓ D0.
On the other side, suppose that D 1 ✓ T 0 ✓ D0. The pair of full subcategories of (T 0 \
HD ,T  1 \HD) provides a torsion theory on HD (here we consider the heart placed in degree 0).
Clearly, HomHD (T 0 \ HD ,T  1 \ HD) = 0. Moreover given an object X 2 HD , we apply the
cohomological functor H0D to the distinguished triangle
⌧0X ! X ! ⌧ 1(X) +1!
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thus obtaining the long exact sequence in HD
· · · 0!H (i+1)D (⌧ 1(X)) '!H iD (⌧0X)!0! · · ·
· · · 0!H 1D (⌧ 1(X))!H0D(⌧0X)!X!H0D(⌧ 1(X))!H1D(⌧0X)!0! · · ·
· · · 0!H iD(⌧0X) '!H i+1D (⌧ 1(X))!0! · · · (3.2)
Since D 1 ⇢ T 0 ⇢ D0, it follows that H iD(⌧0X) = 0 for every i > 0 and H iD(⌧ 1X) = 0 for
every i < 0. Then ⌧0X ' H0D(⌧0X)[0] and ⌧ 1X ' H0D(⌧ 1X)[0] and the sequence (3.2) produces
to the short exact sequence in HD
0!H0D(⌧0X)!X!H0D(⌧ 1(X))!0
with H0D(⌧
0X) 2 T 0\HD and H0D(⌧ 1X) 2 T  1\HD . This shows that (T 0\HD ,T  1\HD)
is a torsion theory on HD which induces the t-structure T on C .
3.1.2 Tilting and cotilting torsion theories
The following important results are originally due to Happel, Reiten, Smalø [HRS96]. The present
proofs are taken from [Che10]. For an interesting approach using quasi-abelian categories see also
[BvdB03, Appendix B].
3.1.6 Definition. Let A be an abelian category. A torsion theory (X ,Y ) in A is called tilting
provided that each object of A embeds into an object of X . Dually, (X ,Y ) is called cotilting provided
that each object of A is a factor object of an object of Y .
For the rest of this section, we fix an abelian category A with a torsion theory (X ,Y ), and we
denote by HT the heart of the t-structure T in D(A ) obtained by tilting A with respect to (X ,Y )
(see proposition 3.1.1).
3.1.7 Lemma. Let A be an abelian category and let (X ,Y ) be a torsion theory on A . Let X• be a
complex with terms in X . Then X• is exact in A if and only if it is an exact sequence in HT .
Proof. Since X is stable under quotients in A , the complex X• = (Xn, dnX•) splits into short
exact sequences ⇠n : 0 ! X 0n in! Xn pn! X 0n+1 ! 0 with X 0n 2 X and dnX• = in+1   pn. Then ⇠n
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become short exact sequences in HT . So by splicing them together we see that the complex X• is a
long exact sequence in HT .
The other implication is proved similarly.
3.1.8 Lemma. [HRS96, Proposition 3.2] Let A be an abelian category and let (X ,Y ) be a torsion
theory on A . Then:
1) X is a tilting torsion class in A if and only if X [0] is a cotilting torsion-free class in HT .
2) Y is a cotilting torsion-free class in A if and only if Y [1] is a tilting torsion class in HT .
Proof. We follow the proof of [HRS96, Proposition 3.2]. We show 1), the other assertion being
dual.
Assume that X is a tilting torsion class in A . Let X• = (Xn, dnX•) be in HT . By remark 3.1.3,
we may assume that Xi = 0 for i 6=  1, 0. Since X cogenerates A we have a monomorphism
µ : X 1 ! X0, for some X0 2 X . Since X is stable under quotients in A we obtain a short
exact sequence 0 ! X 1 ! X0 ! X1 ! 0, with X0, X1 2 X . This gives a distinguished triangle
X 1 ! X0 ! X1 f! X 1[1] in D(A ). Then d 1X• [1]   f 2 HomD(A )(T1, X0[1]) ' Ext1A (T1, X0).
Let 0 ! X0 ! E ! X1 ! 0 be the corresponding short exact sequence. We obtain the following










X• [1] f // X0[1]
X0 u // X• v // X 1[1]
d 1
X• [1] // X0[1]
By assumption, H0(X•) = Coker(d 1X•) 2 X , so since X is stable under quotients we get that
Im(e) 2X . Thus Coker(e) ' Coker(d 1X•) shows that E 2X [0]. Now it remains to show that g is an
epimorphism in HT . Let Y • 2 HT and h : X• ! Y • with hg = 0. Let us consider the short exact
sequence 0 ! t(Y •) ↵! Y •  ! Y •/t(Y •) ! 0 in HT , with t(Y •) 2 Y [1] and Y •/t(Y •) 2 X [0]. Since
hu = hgµ = 0 we obtain a morphism h0 : X 1[1]! Y • with h = h0v. Since ⇡ is an epimorphism inHT ,
from h0f⇡ = h0vg = hg = 0 it follows that h0f = 0. So there exists h00 : X 1[1]! t(Y •) with h0 = h00↵.
Thus 0 = h0f = ↵h00f . But then h00f = 0, because ↵ is a monomorphism inHT . Applying the functor
HomD(A )( , t(Y •)) to the triangle X0 ! X1 f! X 1[1] w! X0[1] we find h000 : X0[1] ! t(Y •) with
h00 = h000w. But h000 = 0 because X0[1] 2 X [1] and t(Y •) 2 X [0]. Therefore h = 0 and so g is an
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epimorphism in HT .
The converse of 1) is similar.
3.1.9 Theorem. [HRS96, Theorem 3.3] Let A be an abelian category and let (X ,Y ) be a tor-
sion theory on A . Suppose that (X ,Y ) is tilting (resp. cotilting). Then there is an equivalence of
triangulated categories:
D(HT )
' // D(A )
which extends the inclusion functor HT ✓ D(A ). Similar results hold for the bounded (resp. bounded
above, bounded below) derived category.
Proof. We follow the proof of [Che10].
Denote by K(A ) the homotopy category of complexes in A , K(X ) (resp. Kac(A )) its full
subcategory consisting of complexes in X (resp. acyclic complexes). The inclusion K(X ) ✓ K(A )
induces the exact functor F : K(X )/(K(X ) \Kac(A )) ! D(A ). Since the torsion theory (X ,Y )
is tilting and X is stable under quotients, for each X 2 A there is a short exact sequence 0! X !
X0 ! X1 ! 0, with Xi 2 X . By [Har66, Lemma 4.62], for each complex X• in K(A ) there is a
quasi-isomorphism X• ! T • with T • 2 K(X ). This implies that the functor F is dense and by [Ver77,
4-2 Thèoréme] it is fully faithful, hence F is an equivalence of triangulated categories. By lemma 3.1.8,
we can apply the dual argument to obtain an equivalence G : K(X )/(K(X )\Kac(HT ))! D(HT ).
By lemma 3.1.7, we have that K(X )\Kac(A ) = K(X )\Kac(HT ). Hence FG 1 : D(HT )! D(A )
is an equivalence.
Now let ⇤ 2 {+, , b} and let K⇤( ) denote the corresponding homotopy categories. For a complex
X• 2 K⇤(A ) we can take a quasi-isomorphism X• ! T • with T • 2 K⇤(X ). Indeed, for ⇤ = + this
follows from the proof of [Har66, p. 43, 1]; for ⇤ =   this is done by replacing T • by its natural
truncations; for ⇤ = b this follows from the proof of [Har66, p. 43, 1] and the fact that since X is
closed under factor objects, the argument in loc. cit. is done within finitely many steps, consequently
the obtained complex T • is bounded. Thus we construct the equivalences F ⇤ and G⇤ as above. This
proves the corresponding equivalences between the derived categories D⇤( ).
Finally, let us show that the equivalence FG 1 extends the inclusion HT ✓ D(A ). Given an
object X 2 HT , since the torsion theory (Y [1],X [0]) is cotilting, there is a short exact sequence in
HT , ⌘ : 0 ! X 1 d! X0 g! X ! 0 with Xi 2 X [0], hence a distinguished triangle ⇠ : X 1 d! X0 g!
X ! X 1[1] in D(A ). Then by construction FG 1(X) is isomorphic to the complex T • = · · ·! 0!
68 Chapter 3. New aspects of tilting theory
X 1 d! X0 ! 0 ! . . . . Now the complex T • is the mapping cone of d and so from the triangle ⇠ we
obtain that T • is isomorphic to X (see [Har66, Proposition 1.1 c]). In particular, T • 2HT .From the
triangle X 1 d! X0 ! T • ! X 1[1] we obtain the short exact sequence   : 0! X 1 d! X0 ! T • ! 0
in HT . Comparing the sequences ⌘ and   we obtain a unique isomorphism ✓X : X ' T • in HT . We
claim that ✓ is natural in X and then we obtain a natural isomorphism between the inclusion functor
HT ✓ D(A ) and the composite HT ✓ D(HT ) FG
 1! D(A ) (identifying T • with FG 1(X)). Indeed,
given a morphism f : X ! X 0 in HT , let us choose an exact sequence ⌘0 : 0! X 0 1 d
0! X 00 g0! X 0 ! 0
with X 0i 2X . We construct the complex T 0• as above and then we obtain the short exact sequence  0
and the isomorphism ✓X0 as before. We identify G(T •) with X and G(T 0•) with X 0. Since G is fully
faithful, we have a morphism of complexes  • : T • ! T 0• such that G( •) = f . From this we obtain
















// X 0 // 0,
from which we see that ✓X0   f =  •   ✓X in HT and thus in D(A ). This concludes the proof.
3.2 t-structures with finite gap
3.2.1 Definitions and a classification theorem
Throughout this section, C is a triangulated category, D = (D0,D 0) and T = (T 0,T  0) are
two t-structures on C whose truncation functors are denoted by  0,   0 and ⌧0, ⌧ 0 respectively.
We denote by HD and HT the hearts of D and T , respectively, and by HD and HT the associated
cohomological functors. We will also use the notation D [a,b] = D a \ Db, where [a, b] ⇢ Z is an
interval.
3.2.1 Definition. We say that a pair of t-structures (D ,T ) has shift k 2 Z and gap n 2 N if k
is the maximal number and n is the minimal number such that D n ⇢ T k ⇢ D0, or equivalently
T k ⇢ D0 ⇢ T n+k.
Clearly, a pair of t-structures (D ,T ) has gap 0 and shift k if and only if D0 = T k, i.e.
T [ k] = D . Intuitively, in a pair of t-structures (D ,T ) of gap n and shift k, the number k permits
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to center the interval, while n gives the wideness of the interval.
3.2.2 Example. 1. Let R be a ring and denote by D(R) the derived category of the category
Mod-R of right R-modules. Consider the natural t-structure D , and the t-structure T associated
with a classical n-tilting module TR (see Proposition 4.1.3). The pair (D ,T ) has gap n and shift
0.
3.2.3 Lemma. If (D ,T ) has gap n and shift k, then the pair (T ,D) is has gap n and shift ( n k).
Moreover
HT [ k] ✓ D [ n,0] and HD [k] ✓ T [0,n].
Proof. Applying the suspension functor [k + n] to T k ⇢ D0 ⇢ T n+k we get T  n ⇢
D k n ⇢ T 0. This means that the pair (T ,D) has finite gap n and shift ( n   k). Finally
HT [ k] ✓ T k ✓ D0 and HT [ k] ✓ T  k ✓ D  n and hence HT [ k] ✓ D [ n,0]. The second
chain of inclusions follows analogously.
If (D ,T ) has gap n and shift k, then the pair (D ,T [k]) has gap n and shift 0; therefore, up to
suspension, we can always reduce to the case in which our starting pair of t-structures with finite gap
has shift 0. In such a case we have
HT ✓ D [ n,0] and HD ✓ T [0,n].
From now on, we will always consider the case in which the shift is zero.
3.2.4 Corollary. A pair t-structures (D ,T ) has:
1) gap 0 if and only if T = D ;
2) gap 1 if and only if T is a t-structure induced by a non-trivial torsion theory on HD .
Proof. The first statement is a consequence of definition 3.2.1 while the second statement follows
by definition 3.2.1 and proposition 3.1.5.
Once we have fixed a t-structure D in a triangulated category we have just seen that the pair of
t-structures with gap 1 are recovered by torsion theories. In this section, we will see that this is the
fundamental tool in order to produce any t-structure T with gap n with respect to D . The main idea
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is that of filter the co-aisle (resp. the aisle) using n steps with gap 1, which we are able to describe in
terms of suitable torsion theories (see 3.2.6, 3.2.8 and 3.2.9).
We need to add one of the following hypotheses:
3.2.5. Intersection hypotheses
R for any i   0 the subcategory D  i \T  0 is a co-aisle;
L for any i   0 the subcategory Di \T 0 is an aisle.
In general we can use a right point of view R taking the intersections of the co-aisles or a left one
L using intersections of aisles. The left point of view in C is dual of the right one since it consists in
taking the right side but in C opp which is a triangulated category too. The right setting is particularly
interesting when dealing with pairs of t-structures induced by tilting objects, as we will explain in
Chapter 4, or t-structures compactly generated since their co-aisels are closed under taking homotopy
colimits. The right point of view includes also the case of right compatible pair of t-structures. For
this reason we prefer to illustrate in detail our arguments in this setting. Whenever one need to use
the left side one has to “translate" the statement of this section in C opp.
So for the rest of this section we will assume that the hypothesis 3.2.5 R holds true i.e.: for any
i   0 the subcategory D  i \T  0 is a co-aisle.
3.2.6 Definition. We define a partial order on the class of t-structures on C by setting, for two
t-structures Di = (D0i ,D
 0
i ), i = 1, 2,
D1 rD2 if and only if D 01 ✓ D 02
which is equivalent to saying that the identity functor (C ,D1) ! (C ,D2) is t-positive (see Defini-
tion 2.2.7). Given two t-structures D = (D0,D 0), T = (T 0,T  0) on C such that (D ,T ) has
gap n (i.e. D n ⇢ T 0 ⇢ D0 with n 2 N), a right tilting chain of finite length n between D and




i=0 satisfying the following properties:
i) D0 = D and Dn = T ;
ii) D0 rD1 r . . . rDn;
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iii) Di+1 is obtained by tilting with respect to a torsion theory on the heart of Di, for every i =
0, . . . , n  1.
The partial order  r defined above induces, by lexicograph extension, a partial order on the class
of right tilting chains of length n.




i=0 be a right tilting chain of finite length n between D and T .
By condition iii) of Definition 3.2.6, since D 0i ✓ D 0i+1 ✓ D  1i for i = 0, ..., n   1, from the second
inclusion one easily get the following chain of coaisles:
D mm ✓ D m 1m 1 ✓ · · · ✓ D 11 ✓ D 00
and the correspondig chain of aisles:
D00 ✓ D11 ✓ · · · ✓ Dm 1m 1 ✓ Dmm .
The following lemma proves that not only (under the previous hypothesis) the class of right tilting
chains is not empty but it admits a canonical maximal “functorial" element.
3.2.8 Lemma. Given a pair (D ,T ) of t-structures with gap n, the class of right tilting chains of
length n between D and T has a maximum given by
Di(D ,T ) := (
?(D  i \T  0),D  i \T  0)
with 0  i  n.
Proof. By hypothesis 3.2.5 R, the pair Di(D ,T ) is a t-structure for every i = 0, . . . , n. In the
sequel we will denote Di(D ,T ) briefly by Di, whenever there is no ambiguity on the pair (D ,T ).
We have D 00 ✓ D 01 ✓ · · · ✓ D 0n , so D0 rD1 r . . . rDn and D0 = D and Dn = T (since by
assumption D n ⇢ T 0 ⇢ D0). Finally, observe that for every i = 0, . . . , n  1
D  i+1 \T  1 ⇢ D  i \T  1 ⇢ D  i \T  0,
that is,
D 1i ⇢ D 1i+1 ⇢ D 0i .
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So by proposition 3.1.5, Di+1 is obtained by tilting with respect to the torsion theory
(Xi,Yi) := (
?(D  i \T  0) \Hi,D  i \T  1 \Hi)
on the heart Hi of Di. We note that the torsion-free class is Yi := D  i \ T  1 \Hi = T  1 \Hi.
This shows that the n-tuple (Di)ni=0 is a right tilting chain of length n between D and T .
Now let (D 0i)ni=0 be another right tilting chain between D and T . For any i = 0, . . . n since
Di rDn = T we have D 0i 0 ✓ T  0. Moreover since D 0i is obtained by tilting with respect to a
torsion theory on the heart of D 0i 1, we have: D 01
 0 ⇢ D  1, D 02 0 ⇢ D 01  1 ⇢ D  2 and so by
induction D 0i
 0 ✓ D  i. Therefore D 0i  rDi, for any i = 0, . . . n.
This lemma leads to the following theorem which provides a generalization of Polishchuk result,
stated in Proposition 3.1.5.
3.2.9 Theorem. Let C be a triangulated category and let D = (D0,D 0) be a t-structure on C .
Then there is a one to one correspondence between:
a) t-structures T = (T 0,T  0) on C such that the pair (D ,T ) has gap n and
b) maximal right tilting chains of length n between D and T .
Proof. Let T = (T 0,T  0) be a t-structure on C such that the pair (D ,T ) has gap n (i.e.
D n ⇢ T 0 ⇢ D0), by 3.2.8 we can associate to T its maximal right tilting chain of t-structures
with respect to D : (Di = Di(D ,T ))ni=0, where as above Di := (?(D  i \T  0),D  i \T  0) for any
i = 0, . . . , n. Viceversa, given any right tilting chain (Ti)ni=0, the pair (D ,Tn) has gap n.
From one side it is clear by definition that the last t-structure associated to the maximal tilting
chain Dn := (?(D  n\T  0),D  n\T  0) = T . On the other side we need the maximality property
in order to obtain a one to one correspondence, since in general given any right tilting chain (Ti)ni=0
one has only (Ti)ni=0 r(Di(D ,Tn))ni=0.
3.2.10 Corollary. Following the previous notations, we have:
1. the pair of t-structures (D ,Di(D ,T )) has gap i and Dk(D ,Di(D ,T )) = Dk(D ,T ) for k =
0, . . . i;
2. the pair of t-structures (Di(D ,T ),T ) has gap n   i and Dh(Di(D ,T ),T ) = Di+h(D ,T ) for
h = 0, . . . n  i.
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Proof. By definition Di(D ,T ) 0 = D  i \ T  0 and since D0 ⇢ T 0 we obtain that D 0 ✓
Di(D ,T )0 ⇢ D  i, which proves that (D ,Di(D ,T )) has gap i. Moreover for any k = 0, . . . i we
have:
Dk(D ,Di(D ,T ))
 0 := D  k \Di(D ,T ) 0 = D  k \D  i \T  0 = Dk(D ,T ).
Similarly (Di(D ,T ),T ) has gap n   i since T  n i ✓ Di(D ,T ) 0 ✓ T  0, and for any h =
0, . . . n  i
Dh(Di(D ,T ),T )
 0 := Di(D ,T )  h \T  0 = (D  i h \T   h) \T  0 = Di+h(D ,T )
which proves that the right tilting chain of the pair Di(D ,T ) and T , juxtaposed to the one of the
pair D and Di(D ,T ), provides the right tilting chain of the pair (D ,T ).
3.2.11 Remark. As usual whenever (D ,T ) is a pair of t-structures with gap n and shift 0, its
symmetric (T ,D) has gap n and shift  n, so (T ,D [n]) has n-gap and 0-shift, hence there is a
maximal right tilting chain connecting T and D [n].
3.2.12. Summary of the main results in the left setting
We briefly translate the previous results in C opp. So for the rest of this section we will assume that
the hypothesis 3.2.5 L holds true i.e.: for any i   0, the subcategory Di \T 0 is an aisle.
Given two t-structures Di = (D0i ,D
 0
i ), i = 1, 2 we define D1 `D2 if and only if D01 ✓ D02 .
Given two t-structures D = (D0,D 0), T = (T 0,T  0) on C such that (D ,T ) has gap n, a left
tilting chain of finite length n between T and D is an n-tuple of t-structures ( iD = ( iD0, iD 0))ni=0
satisfying the properties:
i) 0D = T and nD = D ;
ii) 0D  ` 1D  ` . . . ` nD ;
iii) kD is obtained by tilting with respect to a torsion theory on the heart of k+1D , for every
k = 0, . . . , n  1.
We note that if (D ,T ) is a pair of t-structures with gap n and shift 0 in C then the pair (T opp,Dopp)
has gap n and shift 0 in C opp (we recall that (D)kopp := D  k).
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Then class of left tilting chains of length n between T and D has a minimum given by iD(D ,T ) :=
(Di(T opp,Dopp))opp = (T i \D0, (T i \D0)?) with 0  i  n. In fact, since
T k \D 1 ⇢ T k \D0 ⇢ T k+1 \D0
we get that kD is obtained by k+1D by tilting with respect to the torsion theory
(Xk+1,Yk+1) := (T
k \D0 \Hk+1, (T k \D0)? \Hk+1)
in Hk+1. We note that the torsion class can be rewritten as Xk+1 = T k \Hk+1.
Let C be a triangulated category and let D = (D0,D 0) be a t-structure on C . Then there is a
one to one correspondence between:
a) t-structures T = (T 0,T  0) on C such that the pair (D ,T ) has gap n (satisfying 3.2.5 L) and
b) minimal left tilting chains of length n between T and D .
3.2.2 Tilting and cotilting t-structures
In this paragraph we shall define the notion of a tilting (resp. cotilting) t-structure, which appears as
a natural generalization of the concept of a tilting (resp. cotilting) torsion pair (see Definition 3.1.6).
This will lead to a generalization of [HRS96, Theorem 3.3] (see Theorem 3.1.9).
In what follows, A denotes an abelian category and D = (D0,D 0) the natural t-structure on
D(A ). Given a full subcategory S ✓ A , we say that S cogenerates (resp. generates) A if any object
of A embeds in an object of S (resp. any object of A is a quotient of an object in S ).
3.2.13 Definition. Let T = (T 0,T  0) be a t-structure on D(A ) and suppose that the pair
(D ,T ) has gap n. We say that the pair (D ,T ) is tilting or simply that T is tilting (resp. cotilting)
if the full subcategory A \HT of A cogenerates A (resp. the full subcategory A \HT [ n] of A
generates A ).
Given an abelian category A , a torsion pair (X ,Y ) on A is tilting (resp. cotilting) if and only if
the corresponding tilted t-structure on D(A ) (from Proposition 3.1.1) is tilting (resp. cotilting).
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3.2.14 Lemma. Let S be a cogenerating (resp. generating) full subcategory of an abelian category
A . Then any complex X• in Db(A ) is quasi-isomorphic to a complex:
S• = ...! 0! Si ! Si+1 ! ... (resp. S• = ...! Si 1 ! Si ! 0! ...)
where Sj 2 S for every j   i (resp. for every j  i) and i = min k 2 Z |Hk(X•) 6= 0 (resp.
i = max
 
k 2 Z |Hk(X•) 6= 0 ).
Proof. The proof is the standard argument for the construction of resolutions of complexes, see
for instance [KS06, Lemma 13.2.1].
3.2.15 Theorem. Suppose that (D ,T ) has n-gap and that T is tilting (resp. cotilting). Assume
also that hypothesis 3.2.5 L holds true (resp. that hypothesis 3.2.5 R holds true). Then there is a
triangle equivalence
D(HT )
' // D(A )
which extends the natural inclusion HT ✓ D(A ). Similar results hold for D⇤( ) with ⇤ 2 {+, , b}.
Proof. We shall prove the statement for T a cotilting t-structure satisfying hypothesis 3.2.5 R.
The dual statement can then be proved by passing to the opposite category.
We proceed by induction on the gap n. For n = 0 there is nothing to prove and for n = 1 the result
is just Theorem 3.1.9. Now suppose n > 1 and that the statement holds for n 1. By Theorem 3.2.9, we
can associate to T its maximal right tilting chain of t-structures (Di = Di(D ,T ))ni=0 with hearts Hi,
i = 0, ..n. In particular,H1 is obtained from A by tilting with respect to the torsion theory (X0,Y0) =
(hD 1,T 0i\A ,D 0\T  1\A ). Notice that Y0 = A \H1[ 1] ◆
Tn
i=0Hi[ i] = A \HT [ n], so
(X0,Y0) is cotilting. Therefore by Theorem 3.2.9, there exists a triangle equivalence D(H1)
'! D(A )
extending the inclusion H1 ✓ A . Since the pair of t-structures (D ,D1) has (n   1)-gap, in order to
conclude it suffices to show that the subcategory S1 :=H1 \HT [ n+ 1] ✓H1 generates H1. So let
X be an object ofH1. By Lemma 3.2.14, we may assume that X = ...! S 2 ! S 1 ! S0 ! 0! ...,
with Sj 2 H1 \HT [ n + 1]. Let W = ... ! 0 ! S 1 ! S0 ! 0 ! .... Then we have a canonical

















X = . . . // S 2 s
0
// S 1 s // S0 // 0 // . . .
We shall show that W 2 S1 and that p is an epimorphism in H1. First notice that as H1 ✓ T n 1,
thenS1 =H1\T  n 1. We haveH0(W ) ⇠= H0(X) 2X0 andH 1(W ) ✓ S 1 2 Y0, soH 1(W ) 2 Y0.












where the first and the last term lie in T  n 1, shows that W 2 T  n 1. Thus W 2 S1. Finally,
by computing the long exact sequence of D-cohomology of the triangle Cone(p)[1] ! W ! X +1!
and taking into account the fact that H 1(W ) = Ker(s) // // Ker(s)/Im(s0) = H 1(X) , we see that
Cone(p)[1] 2H1 and so p is an epimorphism in H1.
3.3 Tilting trees and filtrations
In this section, we introduce and investigate in detail, for a pair (D ,T ) of t-structures with gap n on a
triangulated category C , a generalized decomposition of the objects in the heart of D in a finite tree of
short exact sequences in successive hearts of t-structuresHD =H0, ...,Hn =HT . This decomposition
can be represented as a tree, called tilting tree (see Definition 3.3.1), whose leaves are object of C living
in (shifts of) the heart of T . In this way, the non-zero T -cohomologies of an object X 2 HD can be
described in terms of the T -cohomologies of objects having the easiest cohomological structure (in the
sense of Definition 2.1.4). We analyze explicitly the construction for n = 2, 3.
In Section 3.3.2, we show how these tilting trees give rise to generalized filtrations in the triangulated
category by means of Postnikov towers.
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3.3.1 Tilting trees
Let (D ,T ) be a pair of t-structures with gap n on the triangulated category C . By Theorem 3.2.9 we
can associate to T its maximal tilting chain (Di)ni=0 of length n: Di := (?(D  i\T  0),D  i\T  0)
with D0 = D and Dn = T . Let Hi be the heart associated with the t-structure Di with i = 0, ..., n.
Then the t-structure Di+1 is obtained by tilting Hi with respect to the torsion theory
(Xi,Yi) := (
?(D  i \T  0) \Hi,T  1 \Hi).
We observe that the torsion class Xi is contained in both the hearts Hi and Hi+1 while the torsion
free class is contained in both Hi and Hi+1[ 1].
Any object in H0 decomposes with respect to the torsion pair (X0,Y0), producing a short exact
sequence in H0. The first term, i.e. the torsion part, belongs also to H1; therefore it decomposes
with respect to the torsion pair (X1,Y1), producing a new short exact sequence in H1. Analogously,
the third term, i.e. the torsion-free part, belongs also to H1[ 1]; therefore it decomposes with respect
to the torsion pair (X1[ 1],Y1[ 1]), producing a new short exact sequence in H1[ 1]. Iterating
this procedure n-times we get a tree of short exact sequences in the successive hearts H0 = HD , ...,
Hn =HT , called the tilting tree associated to the pair of t-structures (D ,T ).
3.3.1 Theorem. Let (D ,T ) be a pair of t-structures of gap n on C . For any object X in HD one





















. . . . . . . . . . . . . . . . . . . . . X11...1| {z }
n
whose branches have n+ 1 vertices and where for each ` = 0, ..., n  1 the sequence:
0! Xi1...i`0 ! Xi1...i` ! Xi1...i`1 ! 0
is a short exact sequence in the heart H`[ (i1 + ... + i`)] with Xi1...i`0 belonging to the torsion class
X`[ (i1 + ... + i`)] and Xi1...i`1 belonging to the torsion-free class Y`[ (i1 + ... + i`)]. The 2n leaves
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Xi1...in of the tree are T -static objects in C of degree i1 + · · ·+ in.
Proof. Let X be an object in H0 = HD . We denote by X0 and X1 its torsion and torsion free
parts with respect to the torsion pair (X0,Y0) in H0:
0! X0 ! X ! X1 ! 0 in H0.
The objectX0 belongs toH0\H1, whileX1 belongs toH0\H1[ 1]. Let 1  `  n 1; suppose we have
obtained the object Xi1...i` in H`[ (i1 + · · ·+ i`)], where i1, ..., i` 2 {0, 1}. We denote by Xi1...i`0 and
Xi1...i`1 its torsion and torsion free parts with respect to the shifted torsion pair (X`,Y`)[ (i1+· · ·+i`)]
in H`[ (i1 + · · ·+ i`)]:
0! Xi1...i`0 ! Xi1...i` ! Xi1...i`1 ! 0 in H`[ (i1 + ...+ i`)].
The object Xi1...i`0 belongs to H`[ (i1 + · · · + i`)] \H`+1[ (i1 + · · · + i`)], while Xi1...i`1 belongs to
H`[ (i1 + · · · + i`)] \H`+1[ (i1 + · · · + i` + 1)]. This permits to iterate the procedure till ` = n  1
obtaining the wished tilting tree. The last step produces the 2n t-leaves Xi1...in inHn[ (i1+· · ·+in)] =
HT [ (i1 + · · ·+ in)], one for each binary n-sequence (i1...in).
3.3.2 Definition. For any object X in HD the tree constructed in Theorem 3.3.1 is called the
tilting tree of X, and the leaves Xi1...in are called the tilting leaves of X.
3.3.3 Remark. If (D ,T ) is pair of t-structures of gap n and shift k, then we can repeat the construc-
tion of the tree for each X in HD ; the result will be a unique branch with k + 1 vertices followed by a
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3.3.4 Remark. Let X 2HD and Xi1...i` be a vertex of its tilting tree. The object Xi1...i` [i1 + · · ·+ i`]
belongs to H`; since (D`,T ) is pair of t-structures of gap n   ` we can construct the tilting tree of
Xi1...i` [i1 + · · · + i`]: this tilting tree coincides with the (i1 + · · · + i`)-shift of the subtree of the tilting
tree of X which has Xi1...i` as root. The leaves of this subtree are the leaves of the tilting tree of X
whose index starts with i1...i`.
3.3.5 Definition. Let (D ,T ) be a pair of t-structures of gap n in C . Given the tilting tree of an
object X 2 HD , we define subtree generated by the term Xi1...i` the subtree of the tilting tree of X
which has Xi1...i` as root.
In the following proposition we give some cohomological properties of the vertices in the tilting tree
of an object X 2HD .
3.3.6 Proposition. Let X 2 HD . For each 0  `  n, the vertex Xi1...i` in the tilting tree of X
satisfies the following properties:
1) Xi1...i` belongs to T [i1+···+i`,n `+i1+···+i`] ✓ T [0,n];
2) H i1+···+i`T (Xi1...i`) = Xi1...i` 0...0|{z}
n `
[i1 + · · ·+ i`];
3) Hn `+i1+···+i`T (Xi1...i`) = Xi1...i` 1...1|{z}
n `
[n  `+ i1 + · · ·+ i`].
Proof. 1) In Theorem 3.3.1 we have proved that Xi1...i` belongs to H`[ (i1 + ...+ i`)]. Since the
pair of t-structures (D`,T ) is of type (n  `, 0) it follows that
H` ✓ T [0,n `].
Therefore the first assertion is proved.
2) For any ` = 0, . . . , n  1 the short exact sequence
0! Xi1...i`0 ! Xi1...i` ! Xi1...i`1 ! 0 (3.3)
in the heart H`[ (i1 + · · · + i`)] provides a distinguished triangle in C . Considering the long exact
sequence of T -cohomology associated to this distinguished triangle, by point 1) we get first
0! H i1+···+i`T (Xi1...i`0)! H i1+···+i`T (Xi1...i`)! H i1+···+i`T (Xi1...i`1) = 0.
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Iterating we have
H i1+···+i`T (Xi1...i`) ⇠= H i1+···+i`T (Xi1...i`0) ⇠= ...
... ⇠= H i1+···+i`T (Xi1...i` 0...0|{z}
n `
) = Xi1...i` 0...0|{z}
n `
[i1 + · · ·+ i`].
3) The same long exact sequence of T -cohomology considered in point 2) gives
0 = Hn `+i1+···+i`T (Xi1...i`0)! Hn `+i1+···+i`T (Xi1...i`)! Hn `+i1+···+i`T (Xi1...i`1)! 0.
Iterating we have
Hn `+i1+···+i`T (Xi1...i`) ⇠= Hn `+i1+···+i`T (Xi1...i`1) ⇠= ...
... ⇠= Hn `+i1+···+i`T (Xi1...i` 1...1|{z}
n `
) = Xi1...i` 1...1|{z}
n `
[n  `+ i1 + · · ·+ i`].
3.3.7 Remark. Points 2) and 3) of Proposition 3.3.6 give the invariance of the T -cohomology of
degree i1 + · · · + i` on the left branch passing through the vertex Xi1...i` and of the T -cohomology of

















Xi1...i` 11...1| {z }
n `
Let us analyze which objects in HD produce a tilting tree with a particularly simple structure.
The following definition will be useful in this study.
3.3.8 Definition. Following the notation of Theorem 3.3.1, we call degree of the vertex Xi1...i` the




is called the leading leaf of degree d.
Let us start with studying the case of a tilting tree degenerating in a single branch, whose non zero
maps are necessarily the identity map.
3.3.9 Proposition. Let (D ,T ) be a pair of t-structures of gap n in C . An object 0 6= X 2 H0 =
HD has a tilting tree with a unique non zero branch if and only if X is T -static. In such a case,
denoted by d the degree of T -staticity of X, the unique non zero leaf is the leading leaf of degree d.
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Proof. If X coincides with one of its leaves, then by Theorem 3.3.1 it is a T -static object.
Conversely, assume X is T -static of degree d, i.e. X 2HT [ d]. If d = 0 we have
X 2HT \HD = D 0 \T 0 ✓ D 0i \D0i+1 = D0i+1 \Hi =Xi
for i = 0, ..., n  1. If d > 0 we have for each 0  i  d  1




\D0 = D dd \D0 ✓
from the chains illustrated in Remark 3.2.7
✓ D i+1i+1 \Dii = D i+1i+1 \Hi[ i] = Yi[ i].
Instead, for each d  i  n  1 we have




= T d \D dd ✓
since T 0 ✓ D0j for each 0  j  n and D 0d ✓ D 0` for each d  `  n
✓ Ddi+1 \D di = Ddi+1 \Hi[ d] =Xi[ d].
Therefore for each 0  d  n, if X is T -static of degree d in the first d steps of the construction of
the tilting tree of X we have X = X1 = · · · = X 1...1|{z}
d
and then in the remaining n   d steps we have
X = X 1...1|{z}
d




, which is the leading leaf of degree d.
The previous proposition characterizes the case in which the tilting tree admits only one non zero
leading leaf in HD . The next result generalizes to the case of tilting trees whose non zero leaves are
leading leaves in HD .
3.3.10 Proposition. Let (D ,T ) be a pair of t-structures of gap n in C . An object 0 6= X 2H0 =
HD has a tilting tree whose non zero leaves are leading leaves in HD if and only if the T -cohomologies





each 0  i  n.
Proof. If n = 0, the statement is clearly true since D = T . Let n   1 and assume the tilting
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tree of X has the leading leaves in HD and the non leading ones equal to zero. We prove that




[i] for 0  i  n; then we conclude as the leading leaves are in HD .
By Proposition 3.3.6 one has H0T (X) = X 0...0|{z}
n
. Moreover, X0 = X 0...0|{z}
n
2 HT , as the non leading
leaves in the tilting tree of X vanish. Thus X0 ! X ! X1 +! coincides with the approximating
triangle of X with respect to the t-structure T : indeed X0 belongs to HT ✓ T 0, while X1 belongs
to Y0 ✓ T  1. Therefore H iT (X) = H iT (X1) for each i   1.
By Proposition 3.3.6 one has H1T (X) = H
1
T (X1) = X1 0...0|{z}
n 1
[1]. Moreover, X10 = X1 0...0|{z}
n 1
2 HT [ 1],
as the non leading leaves in the tilting tree of X vanish. Thus X10 ! X1 ! X11 +! coincides
with the approximating triangle of X1 with respect to the t-structure T [ 1]: indeed X10 belongs to
HT [ 1] ✓ T 1, while X11 belongs to Y1[ 1] ✓ T  2. Therefore H iT (X) = H iT (X1) = H iT (X11) for
each i   2.
Repeating the same argument, for each 1  `  n one has
H`T (X) = H
`








[`] = X 1...1|{z}
`
0[`].
Conversely, assume the T -cohomologies H iT X are D-static of degree  i, i.e. H iT X 2HD [i], for each





belongs to HD . Consider the triangle
⌧n 1(⌧ n 1X) = Hn 1T (X)[ n+ 1]! ⌧ n 1X ! HnT (X)[ n] = ⌧ nX +! .
Since the terms Hn 1T (X)[ n+ 1] and HnT (X)[ n] belong to HD , also the middle term ⌧ n 1X be-
longs toHD . Iterating the same argument, one proves that ⌧ iX belongs toHD for any i. Since ⌧ 1X
belongs toHD \T  1 =: Y0 and, on the other hand, H0T (X) 2 T 0\HD ✓ ?(T  1\HD) =:X0, we
have X0 = H0T (X) and X1 = ⌧
 1X. By Proposition 3.3.9, in the t-tree of H0T (X) = X0 with respect
to the pair (D1,T ) of t-structures, the root X0 coincides with the leading leaf of degree 0. This t-tree
of X0 is the subtree of the t-tree of X with respect to (D ,T ) generated by X0: therefore X0 = X 0...0|{z}
n
.
Since D 1 ✓ D01 and T  1 \ D  1 = T  1 \ D 01 we have that ⌧ 2X = ⌧ 2X1 belongs to
HD\T  2 = (T  1\D  1\D 1)[ 1] ✓ (T  1\H1)[ 1] = Y1[ 1]; on the other hand, H1T (X)[ 1] =
H1T (X1)[ 1] 2 T 0[ 1] ✓ ?(T  1)[ 1] ✓ ?(T  1\H1)[ 1] =X1[ 1]. ThereforeX10 = H1T (X)[ 1] =
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H1T (X1)[ 1] and X11 = ⌧ 2X = ⌧ 2X1. By Proposition 3.3.9, in the t-tree of X10 = H1T (X)[ 1] =
H1T (X1)[ 1] with respect to the pair (D2,T ) of t-structures, the root X10 coincides with the leading
leaf of degree 0. This t-tree of X10 is the subtree of the t-tree of X with respect to (D ,T ) generated
by X10: therefore X10 = X10...0|{z}
n
.
Repeating the same argument we have that each vertex X 1...1|{z}
`





the other leaves are equal to 0.
Now we analyze explicitely the construction of the tilting tree for the cases n = 2 and n = 3; the
reader can easily understand how it can be performed in the other cases.

















By Corollary 3.3.6 we have the following exact sequences in H2 =HT :
0! H0T X0 ! H0T X ! H0T X1 = 0
H0T X1 = 0! H1T X0 ! H1T X ! H1T X1 ! H2T X0 = 0
H2T X0 = 0! H2T X ! H2T X1 ! 0
0! H0T X00 = X00 ! H0T X0 ! H0T X01 = 0! H1T X00 = 0! H1T X0 ! H1T X01 ! 0
0! H1T X10 ! H1T X1 ! H1T X11 = 0! H2T X10 = 0! H2T X1 ! H2T X11 = X11 ! 0
and hence the following connections between the T cohomologies of X and of its tilting leaves
H0T X
⇠= X00, H2T X ⇠= X11 and
0! H1T X01 ! H1T X ! H1T X10 ! 0.
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By Corollary 3.3.6 we have the following exact sequences in H3 =HT :
0! H0T X0 ! H0T X ! H0T X1 = 0
H0T X1 = 0! H1T X0 ! H1T X ! H1T X1 ! H2T X0 ! H2T X ! H2T X1 ! H3T X0 = 0
H3T X0 = 0! H3T X ! H3T X1 ! 0
Since the pair (D1,T ) has gap 2, we have




T X0 = H
2
T X011 and
0! H1T X001 ! H1T X0 ! H1T X010 ! 0,




T X1 = H
3
T X111 and
0! H2T X101 ! H2T X1 ! H2T X110 ! 0.
Therefore we have the following connections between the T cohomologies of X and of its tilting leaves
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3.3.2 The Postnikov tower associated to a tilting tree
Let X 2 HD . Then we can construct the so called Postnikov tower of X using its T -truncation
functors and the hypothesis that HD ⇢ T [ n,0] since the pair (D ,T ) has gap n:
H nT (X)[n] // ⌧
 n+1(X) //
xx













We can interpret this tower as a “generalized" filtration, taking F 0(X) := H nT (X)[n] and F
i(X) :=
⌧ n+i(X) and so Fn(X) = X. In this case there are not short exact sequences, but distinguished
triangles with “graded pieces" the T -static objects Gi(X) = H n+iT (X)[n   i]. This Postnikov tower
provides a “filtration" in the triangulated category which does not take in account the abelian structure
of the consecutive hearts, moreover it consists of n-graded pieces, while the tilting tree constructed
before counts 2n tilting leaves. Nevertheless our approach with the tree can be performed into a
Postnikov tower which permits us to regard the tilting tree as a generalized filtration.
3.3.11 Theorem. Let (D ,T ) be a pair of t-structures of gap n on the triangulated category C . For
every object X 2HD there exists a Postnikov tower induced by the tilting tree of X:
F0...00(X) = X0...00 // F0...01(X) //
~~













where the 2n graded pieces Xi1...in are the leaves of the tilting tree of X, in particular they are T -static
objects in C of degree (i1 + · · ·+ in).
Proof. If n = 0, there is nothing to prove. So we may assume that n > 0. Let X be an object
in HD . By Theorem 3.3.1, we can associate to X its tilting tree, whose leaves Xi1...in are T -static
objects in C of degree (i1 + · · ·+ in).
We proceed by induction on n. If n = 1, the Postnikow tower of X is just the short exact sequence
in HD :
0! X0 ! X ! X1 ! 0
(which yields a distinguished triangle in C ) given by the torsion theory (X0,Y0). Now suppose that
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n > 1 and that the statement holds for t-structures T 0 on C for which the pair (D ,T 0) has gap k,
with 0  k < n. By Corollary 3.2.10 (2), the pair (D1(D ,T ),T ) has gap n   1, so the inductive
hypothesis applies both for the object X0 of the tilting tree of X and for X1[1], which belong to the




(X0) = X0...00| {z }
n























and a Postnikow tower for X1[1] (with 2n 1 graded pieces):
F0...00| {z }
n 1
(X1[1]) = X10...0| {z }
n


























In the remaining part of the proof we will show that it is possible to “glue” together the Postnikow
towers of X0 and of X1, thus obtaining the desired Postnikow tower for X. For each (n   1)-tuple
(i1, ..., in 1) 2 {0, 1}n 1, set
F0i1...in 1(X) := Fi1...in 1(X0).
Next for each (i1, ..., in 1) 2 {0, 1}n 1, let Gi1...in 1(X1) be the mapping cone of the morphism





F1i1...in 1(X) := Cone(X ! Gi1...in 1(X1))[ 1].
We claim that for each (i1, ..., in 1) 2 {0, 1}n 1, there exists a morphism F1i1...in 1(X)! F(1i1...in 1)+1(X)
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which proves our claim. In order to conclude it suffices to show that there exists a morphism
F01...1(X) ! F10...0(X) whose mapping cone is X10...0. Now, by definition F01...1(X) = X0. Using





























This concludes the proof.
3.3.12. Summary of the results in the left setting
Let (D ,T ) be a pair of t-structures of gap n on the triangulated category C . By 3.2.12 we can
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associate to T its minimal left tilting chain ( kD)ni=0 of length n: kD := (T k\D0, (T k\D0)?)
with 0D = T and nD = D . Let Hk be the heart associated with the t-structure kD with k = 0, ..., n.
Then the t-structure k 1D is obtained by tilting Hk with respect to the torsion theory
(Xk,Yk) := (T
k 1 \Hk, (T k 1 \Hk)? \Hk).
We observe that he torsion class Xk is contained in both the hearts Hk and Hk 1 while the torsion
free class Yk is contained in both Hk and Hk 1[ 1]. Corollary 3.2.10 can be “translated" in the left
setting providing that for every k = 0, . . . , n the pair (D , n kD) has gap k thus Hn k ✓ D [ n+k,0]
while ( n kD ,T ) has gap n   k thus Hn k ✓ T [0,n k]. If X 2 Hj , j = 0, ..., n   1, is a T -static
object of C , then it belongs either to Xj or Yj .
The left tilting tree
Let X be an object in Hn = HD . First decompose it in its torsion part X0 and torsion-free
part X1 with respect to the torsion theory (Xn,Yn) in Hn. Since X0 belongs also to Hn 1 it can
be decomposed in its torsion part X00 and torsion-free part X01 with respect to the torsion theory
(Xn 1,Yn 1) in Hn 1. As in the right setting this procedure stops after n-steps providing 2n objects
Xi1...in in H0[ (i1+ ...+ in)] (in general Xi1...i` 2Hn `+1[ (i1+ · · ·+ i` 1)]\Hn `[ (i1+ · · ·+ i`)]),
and hence T -static of degree (i1+ · · ·+ in), one for each binary n-sequence (i1...in). Given any object









Following proposition 3.3.11 it is possible also in this left case to build a Postnikov tower for any
object X 2HD such that any F(i1...in) 1(X)! Fi1...in(X)
[+1]! Xi1...in is a distinguished triangle in C .
Chapter 4
Tilting derived equivalences
In this chapter, we apply the previous results to the case of derived equivalences induced by classical
tilting objects, proving a generalization of the well-known Brenner and Butler Theorem. Given a
classical n-tilting object T on an abelian category A , there are two t-structures on D(A ) that one can
consider: the natural t-structure D and the t-structure T on D(A ) which is compactly generated by
T . It turns out that the pair (D ,T ) has n-gap (and shift 0), so our results from Section 3.2 apply. In
this case each of the n+1 abelian categoriesH0, ...,Hn, which arise from the construction, contains T .
Moreover T , viewed as an object of Hi, is a classical (n  i)-tilting object (Theorem 4.2.3). Moreover,
for each X 2 A we can construct the associated tilting tree of exact sequences in successive hearts. In
this way we obtain a generalization of the classical decomposition of the 1-tilting case (Theorem 4.3.1).
All throughout this chapter, we will work only with abelian categories for which in the corresponding
derived category the hom-sets are sets and not proper classes. This happens in most common applica-
tions, for instance when the abelian category has enough projectives and (countable) direct sums or,
dually, when the abelian category has enough injectives and (countable) products (for example, any
Grothendieck category), see [San07].
4.1 Abelian categories with a tilting object
4.1.1 Definition. Let A be an abelian category with exact direct sums.1 An object T 2 A is called
tilting if it satisfies the following conditions:
1Note that in this case the derived category of A has direct sums: indeed, the acyclic complexes form a localizing
(i.e. closed under direct sums) subcategory of the homotopy category K(A ), and then by [Nee01, Corollary 3.2.11] it
follows that D(A ) has direct sums.
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(T1) T is a compact object of D(A ).
(T2) HomD(A )(T, T [i]) = 0, for every i 2 Z \ {0}.
(T3) {T} generates D(A ).
The tilting object T is called n-tilting, where n 2 N, if HomD(A )(T,X[n + 1]) = 0 for every X 2 A
and HomD(A )(T, Y [n]) 6= 0 for some Y 2 A .
4.1.2 Example. Let R be a ring and T be a right R-module. Then T is an n-tilting object in Mod-R
if and only if the following conditions hold:
i) T has a projective resolution
0 // Pn // . . . // P0 // T // 0
where each right R-module Pi is finitely generated.
ii) ExtiR(T, T ) = 0, if 1  i  n.
iii) There exists an exact sequence of right R-modules
0 // R // T0 // T1 // . . . // Tn // 0
with each Ti summand of a finite direct sum of copies of T .
I thank Jan Stovicek for helping me to complete the following argument.
First notice that condition i), the finite projective resolution consisting of finitely generated pro-
jectives, precisely says that the module is quasi-isomorphic to a perfect complex, and this is equivalent
to being a compact object of D(R) by the work of Rickard [Ric89]. The second condition, which says
that T has no self-extensions, is equivalent to condition (T2) of Definition 4.1.1 when A = Mod-R. So
it remains to see that condition iii) is equivalent to the fact that T generates D(R). One implication
is clear: if we have iii), then T generates R and so all of D(R).
Conversely, if T satisfies (T1) and (T2), there is a fully faithful triangulated functor
K : Kb(add(T))! D(R),
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where add(T) denotes the full subcategory of Mod-R consisting of those modules that are direct
summands of a finite direct sum of copies of T , by [Hap87, Lemma 1.1]. Now if T generates D(R),
then R must be in the smallest thick subcategory generated by T , so ImK contains R. That is, a
bounded complex X in add(T) is quasi-isomorphic to R. Let us write
X = · · ·! T m ! T m+1 ! · · ·! Tn ! . . .
with components in add(T) concentrated in degrees  m, . . . , n, with m,n   0 and with only nonzero
cohomology H0(X) = R. Let S be the class of all modules M with ExtiR(M,T ) = 0 for i > 0. Since
S is closed under kernels of epimorphisms, one proves by induction going from n down to  m that
all cocycles Zj(X) and coboundaries Bj(X) are in S .
Now if m > 0, we have Ext1R(B m+1(X), T m) = 0, and so X has a contractible summand
· · ·! 0! T m ! T m ! 0! . . . .
This way, we can reduce situation to the case m = 0. But then the complex
· · ·! T 0 ! T 1 ! · · ·! Tn ! . . .
is exact except for H0(X) = R, which is none other than iii).
4.1.3 Proposition. Let T be a tilting object in A . Then the pair T = (T 0,T  0) of full subcat-
egories of D(A ):
T 0 = {X 2 D(A ) |HomD(A )(T,X[i]) = 0 for each i > 0},
T  0 = {X 2 D(A ) |HomD(A )(T,X[i]) = 0 for each i < 0}
is a non-degenerate t-structure on D(A ), which is compactly generated by T .
Proof. By Proposition 2.2.3, the singleton {T} compactly generates a t-structure (D0T ,D 0T ),
which is non-degenerate by Proposition 2.2.6. It is then clear that the subcategory D 0T of T -positive
objects coincides with the subcategory T  0 of the statement. So to prove the proposition, it remains
to show that D0T = T
0.
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By Proposition 2.2.6, D0T = hhhT iiis is the smallest suspended subcategory of D(A ) closed under
direct sums and containing T . Since obviously T 0 is a suspended subcategory of D(A ) closed under
direct sums and contains T , it follows that D0T ✓ T 0. To prove the other inclusion, let X be an
object of D(A ) such that HomD(A )(T,X[i]) = 0 for each i > 0. We consider the distinguished triangle
in C :
AX ! X ! BX +1!
where AX 2 D0T and BX 2 D 1T . Following the proof of Proposition 2.2.6, we can write AX =
HoColimk2NTk, where Tk 2 D0T . Applying HomC (T [ i], ) to the above triangle, using Lemma 1.2.3
and the inclusion D0T ✓ T 0, we see that HomC (T [ i], BX) = 0 for each i < 0. Since BX 2 D 1T ,
we infer that HomC (T [i], BX) = 0 for each i 2 Z. Since {T} generates C , we have that BX = 0, hence
X ' AX 2 D0T .
4.1.4 Lemma. Let T be an n-tilting object of A . Then the pair of t-structures (D ,T ) has gap n.
Proof. Since T 2 D0, then D 0 ✓ T  0 and so T 0 ✓ D0. It remains to show that
D n ✓ T 0 (the minimality of n will follow from the fact that T is n-tilting). So let X 2 D n.
If X is a bounded complex, it is easy to see that X 2 T 0. Indeed, for each i > 0 any morphism
T ! X[i] must factors through  j(X), for j   n. But since X is bounded, there exists a minimum
k   n for which HkD(X) 6= 0 and so HomD(A )(T,HkD(X)[i   k]) = 0 (because i   k > n and T
is n-tilting). Thus HomD(A )(T,X[i]) = 0 for each i > 0. If X is not bounded, we may write X as
the homotopy colimit of its brutal truncations. More precisely, for each j   0, define the complex
  n j(X) as follows:
(  n j(X))p = Xp if p   n  j and (  n j(X))p = 0 if p >  n  j.
Notice that each of these complexes belongs toD n and is bounded. ThenX ' HoColimj 0  n j(X)
and for each i > 0 we have by Lemma 1.2.3:
HomD(A )(T,X[i]) ' lim !HomD(A )(T,  n j [i]) = 0.
4.1.5 Lemma. Let T be a tilting object of A . Then:
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1) HT has exact direct sums (i.e. it is an AB4 abelian category).
2) T is a compact projective generator of HT .
Proof. Since the t-structure (T 0,T  0) is compactly generated, its co-aisle is stable under direct
sums. Thus the heart HT has small direct sums. If 0 ! Ai ! Bi ! Ci is a family of short exact
sequences inHT , indexed by a set I, then there are distinguished triangles Ai ! Bi ! Ci [1]! in D(A ).
Since the direct sum of triangles is a triangle, we have a triangle  i2IAi !  i2IBi !  i2ICi [1]!. Then
the sequence 0 !  i2IAi !  i2IBi !  i2ICi ! 0 is a short exact sequence in HT . Hence direct
sums are exact in HT . This proves the first assertion.
Let us prove the second assertion. First of all, T is a compact object of HT since T is a compact
object of D(A ), HT is a full subcategory of D(A ), and the direct sums in HT are the same as in
D(A ). Moreover, if H is an object in HT such that HomHT (T,H) = 0, then H = 0 because T
generates D(A ) (here we use Proposition 1.2.12 and Proposition 4.1.3). Thus to conclude the proof it
is enough to show that T is a projective object of HT . So let 0! A! B ! C ! 0 be an extension
in HT . This gives rise to a distinguished triangle A ! B ! C [1]! in D(A ). Let f : T ! C be any
morphism. Since HomD(A )(T,A[1]) = 0, then f factors through B ! C and this shows that T is
projective in HT .
4.1.6 Corollary. Let T be a tilting object of A and let S = End(T ). Then there is an equivalence
of categories
HT ' Mod-S.
Moreover, Add(T ) is the full subcategory of projective objects of Proj(HT ).
Proof. By Lemma 4.1.5, the heart HT is an abelian category with small direct sums and with a
compact projective generator. Therefore HT ' Mod-R, for some ring R, and we can choose R to be
the endomorphism ring of the compact projective generator T .
The other assertion is clear.
4.1.7 Lemma. Let A be an abelian category with exact direct sums and let T be an n-tilting object
of A . Suppose that the pair (D ,T ) satisfies hypothesis 3.2.5 R. Let S = EndA (T ). Then there is a
triangle equivalence
D(A ) ' // D(S)
94 Chapter 4. Tilting derived equivalences
sending T to S.
Proof. Since the pair (D ,T ) has gap n (and shift 0) by Lemma 4.1.4, it follows that (T ,D [n])
has gap n (and shift 0) and satisfies hypothesis 3.2.5 R (because so does (D ,T )). Furthermore, as T
belongs to HT \ A and T is a generator of HT , we see that D [n] is a cotilting t-structure. So by
Theorem 3.1.9, there exists a triangle equivalence
D(HT )
' // D(A )
which extends the inclusion HT ✓ D(A ). Finally, the result follows from Corollary 4.1.6.
Let A be an abelian category with an n-tilting object T and S := EndA (T ). Let us denote by
DS = (D0S ,D 0S ) the natural t-structure on D(S).
4.1.8 Theorem. There is a one to one correspondence between:
(a) abelian categories A with exact direct sums, containing an n-tilting object T , such that the pair
of t-structures (D ,T ) satisfies hypothesis 3.2.5 R; and
(b) t-structures ⌃ = (⌃0,⌃ 0) on D(S), for some ring S, having n-gap with respect to DS, such
that ⌃ 0 is closed under taking direct sums in D(S) and with S 2H⌃[ n].
Proof. Given an abelian category A with exact direct sums and an n-tilting object T in A ,
by Lemma 4.1.4 and Remark 3.2.11 the pair of t-structures (T ,D [n]) has gap n and shift 0. Let
S := EndA (T ) and let us denote by ⌃ = (⌃0,⌃ 0) the image of the t-structure D [n] in D(S) under
the derived equivalence D(A ) ' D(S) of Proposition 4.1.7. Clearly, ⌃ is a t-structure in D(S) and
⌃ 0 is closed under taking direct sums (since D(A ) has direct sums and the direct sum of triangles
is a triangle). Moreover, as DS equals the image of T under the equivalence D(A ) ' D(S), the pair
(DS ,⌃) has gap n (and shift 0), and satisfies hypothesis 3.2.5 R (because so does the pair (D ,T )).
Since T 2 A =HD [n][ n], it follows that S 2H⌃[ n].
Conversely, let ⌃ be a t-structure on D(S) as in (b). Thanks to the fact that ⌃ 0 is closed under
taking direct sums in D(S), it follows that A := H⌃[ n] has direct sums, and moreover they are
exact. Let us show that T := S is an n-tilting object in A . First of all, as S 2 Mod-S \ A and
Mod-S \ A has direct sums, it follows that ⌃ is a cotilting t-structure. Hence by Theorem 3.2.15,
there is a triangle equivalence F : D(A ) '! D(S) which extends the inclusion A ✓ D(S). From this we
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see that T satisfies conditions (T1)-(T3) of Definition 4.1.1. Finally, given any X 2 A (so X = Y [ n],
for some Y 2H⌃) we have:
HomD(A )(T,X[n+ 1]) ' HomD(A ) (T, Y [1])
' HomD(S) (S, F (Y )[1])
= 0,
while clearly HomD(A )(T, ( )[n]) 6⌘ 0.
Theorem 4.1.8 for n = 1 gives the following result (see [CGM07, Section 2]):
4.1.9 Corollary. Any abelian category with exact direct sums and a 1-tilting object T is equivalent
to the heart of a faithful torsion theory on Mod-S, where S = EndA (T ).
4.2 Derived equivalences induced by tilting objects
In this section, we fix an abelian category A with exact direct sums and with an n-tilting object T .
We denote by S the endomorphism ring of T . Moreover, we shall assume that hypothesis 3.2.5 R
holds. Under these assumptions, our results from Chapter 3 apply to the pair of t-structures (D ,T ),
where D is the natural t-structure on D(A ) and T is the t-structure on D(A ) which is compactly
generated by T (see Proposition 4.1.3). So we associate to the t-structure T its maximal tilting chain
(Di)ni=0 of length n: Di := (?(D  i \T  0),D  i \T  0) where D0 = D and Dn = T . As usual, we
let Hi be the heart associated with the t-structure Di with i = 0, ..., n. We recall that the t-structure
Di+1 is obtained by tilting Hi with respect to the torsion theory
(Xi,Yi) := (
?(D  i \T  0) \Hi,T  1 \Hi).
By Lemma 4.1.7 there is a triangle equivalence:
D(A ) ' // D(S)
sending the stalk complex T to the stalk complex S.
The idea of our construction is that of changing the focus from the original abelian category A ,
which is derived equivalent to the category Mod-S, to the abelian category HT which is Morita
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equivalent to the category Mod-S, as shown in Corollary 4.1.6. The procedure is divided into n steps
considering the abelian categories Hi inside the derived category D(A ):
A  
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The reader is also referred to [FMT14].
4.2.1 Proposition. For every i = 0, . . . , n, the pair (Xi,Yi) is a tilting torsion theory on Hi and
hence there is a chain of triangle equivalences
D(A ) = D(H0) ' D(H1) ' ... ' D(Hn)
which extend the inclusions Hi ⇢ D(A ).
Proof. We already know that, for every i = 0, . . . , n, (Xi,Yi) is a torsion theory on Hi. Let us
prove that it is tilting. We start from the case i = 0. Pick an object X 2 A = H0. Then we may
regard X as an object in D(A ). Let Y be the image of X under the equivalence D(A ) '! D(S) and
let us choose a projective resolution P of Y in D(S). Then G(P ) is a complex in D(A ) whose terms
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lie in Add(T ) and G(P ) ' G(Y ) ' X. Since Add(T ) ⇢ H0, we may regard G(P ) as a stalk complex
in the derived category of H0 and hence we have:
X ' H00 (G(P ))
' KerH0(G(P )0 ! G(P )1)/ImH0(G(P ) 1 ! G(P )0)
✓ G(P )0/ImH0(G(P ) 1 ! G(P )0),
so X embeds in a quotient of G(P )0 in H0. Since G(P )0 belongs to Add(T ) ⇢X0 and X0 is a torsion
class, we deduce that X embeds in an object ofX0. Therefore (X0,Y0) is tilting and by Theorem 3.1.9
we have D(H1) ' D(H0).
For i > 0 we repeat the same procedure as above.
Now we can give an explicit description of the torsion-free classes Yi:
4.2.2 Proposition. For each i = 0, ..., n it is Yi = KerHomHi(T, ).
Proof. If i = 0 we have Y0 = D 0 \ T  1 \H0 = T  1 \A = KerHomA (T, ). Assume i > 0.
If X belongs to Yi = T  1 \Hi, then we have
HomHi(T,X)
⇠= HomD(A )(T,X) = 0
since T 2 T 0 and X 2 T  1. Conversely, let X 2Hi such that HomHi(T,X) = 0; we have to prove
that X belongs to T  1, i.e. HomD(A )(T,X[j]) = 0 for each j  0. By Proposition 4.2.1 for j = 0 we
have
HomD(A )(T,X) = HomD(Hi)(T,X) = HomHi(T,X) = 0.
Assume j < 0. The object X in Hi is a complex in D(Hi 1) with H0i 1X 2Xi 1, H 1i 1X 2 Yi 1 and
Hki 1X = 0 for each k 6=  1, 0. By Proposition 4.2.1 we have
HomD(A )(T,X[j]) = HomD(Hi 1)(T,X[j]) = HomHi 1(T,H
j
i 1X) = 0
since for j =  1 it is T 2Xi 1 and H 1i 1X 2 Yi 1 and for j <  1 it is Hji 1X = 0.
4.2.3 Corollary. For every i = 0, . . . , n, T is a classical (n  i)-tilting object in Hi.
Proof. For i = 0 we have H0 = A and T is an n-tilting object in A by assumption. Suppose
that i > 0 and that T is an (n   i + 1)-tilting object in Hi 1. Let us prove that T is a classical
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(n  i)-tilting object inHi. Composing the equivalence given by Proposition 4.2.1 and that induced by
T between D(A ) and D(S) we get a triangle equivalence D(Hi) ! D(S) which sends T to S. From
this it follows immediately that T is a tilting object in Hi. To prove that T is a classical (n  i)-tilting
object in Hi we have to verify that HomD(Hi)(T, [n   i + 1]) ⌘ 0. This follows from the fact that
Hi ✓ T n i (see Corollary 3.2.10), so for each X 2Hi we have
HomD(Hi)(T,X[n  i+ 1]) ' HomD(A )(T,X[n  i+ 1]) = 0.
4.2.4 Corollary. Suppose that A is a Grothendieck category. Then for every i = 0, . . . , n, the
heart Hi is a Grothendieck category.
Proof. First of all, observe that since A is a Grothendieck category, then it is in particular an
AB5 abelian category, so Lemma 2.2.13 and Lemma 2.2.11 ensure that hypothesis 3.2.5 R holds.
For i = 0 we haveH0 = A which is by assumption a Grothendieck category. Assume i > 0 and that
Hi 1 is a Grothendieck category. Let us prove that Hi is Grothendieck. Since by Proposition 4.2.1
(Xi 1,Yi 1) is a tilting torsion theory, by Corollary 4.10 in [PS13] it is necessary and sufficient to
prove that Yi 1 is closed under taking direct limits in Hi 1. By Theorems 6.8 and 6.7 in [Sto14], since
T is a (n  i+1)-tilting object in Hi 1 by Corollary 4.2.3, the functor HomHi 1(T, ) preserves direct
limits. Since Yi 1 = KerHomHi 1(T, ) by Proposition 4.2.2, we get that Yi 1 is closed under direct
limits in Hi 1.
4.3 The generalized Brenner and Butler Theorem
Let A be an abelian category with exact direct sums and let T be an n-tilting object of A . Using
the results from 3.3.1, for each object X of A we construct the tilting tree of exact sequences in
successive hearts which generalize the Brenner and Butler Theorem, i.e. the classical decomposition
of the 1-tilting case.
4.3.1 Theorem. (Generalized Brenner and Butler Theorem) Let A be an abelian category with
exact direct sums and let T be an n-tilting object of A . Suppose that hypothesis 3.2.5 R holds. Then
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whose branches have n+ 1 vertices and where for each ` = 0, ..., n  1 the sequence:
0! Xi1...i`0 ! Xi1...i` ! Xi1...i`1 ! 0
is a short exact sequence in the heart H`[ (i1 + ... + i`)] with Xi1...i`0 belonging to the torsion class
X`[ (i1 + ... + i`)] and Xi1...i`1 belonging to the torsion-free class Y`[ (i1 + ... + i`)]. The 2n leaves
Xi1...in of the tree are T -static objects in D(A ) of degree i1 + · · ·+ in.
4.3.2 Remark. Observe that the sub-tree under the node Xi1...i` is the tilting tree of the object Xi1...i`
corresponding to the classical (n  `)-tilting object T in the abelian category H`[ i1   ...  i`].
We will conclude this section giving an explicit example of such a construction.
4.3.3 Example. In this example, k denotes an algebraically closed field. For any finite-dimensional
k-algebra given by a quiver with relations, if i is a vertex, we denote by P (i) the indecomposable
projective associated to i, by E(i) the indecomposable injective associated to i, and by S(i) the simple
top of P (i) or, equivalently, the simple socle of E(i). Let R denote the path k-algebra given by the
quiver
·1 // ·2 // ·3 // ·4 // ·5 // ·6oo
with relations such that the left projective modules are 12 , 23 , 34 , 45 , 65 , 5 . Let RT be the left R-module
RT := 4 65   6   34   23   2   12 .
The module RT is a classical 3-tilting object in R-Mod. It is not difficult to verify that, denoted by
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IndR the subcategory of indecomposable modules in R-Mod, we have
IndR \KE0 = { 1 , 12 , 23 , 34 , 4 65 , 6 , 2 },
IndR \KE1 = { 45 }, IndR \KE2 = ;, IndR \KE3 = { 65 }.
The derived category D(R) has a finite number of indecomposable complexes:
{ 1 , 2 , 3 , 4 , 5 , 6 , 12 , 23 , 34 , 45 , 65 , 4 65 , 23 ! 12 , 34 ! 23 , 45 ! 34 , 4 65 ! 34 ,
3
4 ! 23 ! 12 , 45 ! 34 ! 23 , 4 65 ! 34 ! 23 , 45 ! 34 ! 23 ! 12 , 4 65 ! 34 ! 23 ! 12 }
Some computation permits to obtain the indecomposable complexes belonging to the heart associated
to RT :
H0 = R-Mod = { 1 , 2 , 3 , 4 , 5 , 6 , 12 , 23 , 34 , 45 , 65 , 4 65 }










































Here are the indecomposable contained in the torsion theories:
X0 = { 1 , 2 , 3 , 4 , 6 , 12 , 23 , 34 , 4 65 }, Y0 = { 5 , 45 , 65 }








4 }, Y1 = { 65 [1]}










5 ! 34 !
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3 }, Y2 = { 65 [2]}














































































































The tilting leaves in the last row are static; the `-cohomology, ` = 0, 1, 2, 3, of the image of initial
object with respect to RHom(T, ) is filtered by the cohomologies of the images of the tilting leaves. In
particular:























H1SRHom(T, 5 ) = H
1
SRHom(T, 6 [ 1])








In this chapter, we show how the process of (co-) localization of an abelian category (in the sense of
[Gab62]) moves from a basic abelian category to the level of its tilt, with respect to a torsion theory,
and viceversa. The results are based on the work [CFM13].
Given a (co-) Giraud subcategory C of A , we look at the way torsion theories on A reflect on
C and, conversely, torsion theories on C extend to A . Here the principal result is a one to one
correspondence between arbitrary torsion theories (T ,F ) on C and the torsion theories (X ,Y ) on
A which are “compatible” with the (co-) localization functor (Theorem 5.2.5).
We then compare this action of “moving” torsion theories fromA to C (and viceversa) with a “tilting
context”. That is, we look at the associated hearts H1 and H2 with respect to the torsion theories
(T ,F ) on C and (X ,Y ) on D , respectively, and we show that H2 is still a (co-) Giraud subcategory
of H1, and that the “tilted” torsion theories in the two hearts are still related (Theorem 5.3.3).
Finally given any abelian category A endowed with a torsion theory (X ,Y ), and considering
any Giraud subcategory C 0 of the associated heart H1 which is “compatible” with the “tilted” torsion
theory on H1, we prove in Theorem 5.3.5 how to recover a Giraud subcategory C of A such that C 0
is equivalent to the heart H2 (with respect to the induced torsion theory).
5.1 General preliminaries
The reader is referred to [Gab62, Chapter 3] for the definition of quotient categories of abelian categories
and their elementary properties. We briefly recall some basic facts about reflective subcategories of an
abelian category.
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5.1.1 Reflective subcategories
5.1.1 Definition. Let A be a category. A reflective subcategory of A is a strictly full subcategory
C of A such that the inclusion i : C ! A has a left adjoint. The left adjoint, denoted by ` : A ! C ,
is called the reflection.
The following lemma is easy:
5.1.2 Lemma. Let C be a reflective subcategory of a category A . A morphism of C is a monomor-
phism if and only if it is a monomorphism in A .
Proof. Trivial.
There is a nice relationship between limits in reflective subcategories and limits in the ambient
category:
5.1.3 Proposition. Let C be a reflective subcategory of a category A and let F : I ! C be a
diagram in C . Suppose that the functor F has a limit in A . Then this limit is in C and it is the limit
for I ! C .
Proof. Let (L,↵i : L! F (i))i2I be a limit for F in A and set L0 := `(L). Then by the definition
of a reflective subcategory, there are morphisms ↵0i : L0 ! F (i), for each i 2 I, such that ↵0i   ⌘L = ↵i,
where ⌘ : idA ! i   ` is the unit of the adjunction (`, i). It is easy to see that (↵0i)i2I defines a
compatible family for the diagram in A , and thus induces a morphism ↵ : L0 ! L. For each i 2 I we
have ↵i   ↵   ⌘L = ↵0i   ⌘L = ↵i, hence ↵   ⌘L = idL. Next we want to show that ⌘L   ↵ = idL. Since
⌘L0 = idL0 , it follows that l(⌘L) = idL0 . Then we have
⌘L   ↵ = `(↵)   ⌘L0 = l(↵   ⌘L) = `(idL) = idL0 ,
which proves that ⌘L is an isomorphism, and so (L0,↵0i : L0 ! F (i))i2I is a limit for F in C . Since C
is stable under isomorphisms, it follows that L 2 C and is the limit for F there.
5.1.4 Proposition. Let C be a reflective subcategory of a category A and let F : I ! C be a
diagram in C . Suppose that the functor F has a colimit X in A . Then a colimit for I ! C in C is
given by `(X).
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Proof. Let (C,↵i : F (i) ! C)i2I be a colimit for F in A and set C 0 := `(C). Since by the
definition of a reflective subcategory the functor ` has a right adjoint, then it preserves colimits.
Moreover, since by assumption ` is the identity on C , and ⌘D = idD for each D 2 C , the family
(C 0, `(↵) : `F (i) ! C 0) is a colimit for the diagram `(F ) = F in C . Finally, since for each i 2 I the
morphism `(↵) : `F (i)! C 0 equals the composition F (i)! C ! C 0, then the result follows.
The following corollary is easy:
5.1.5 Corollary. Let C be a reflective subcategory of a category A .
1) Any terminal object of A is a terminal object of C .
2) The reflection of an initial object of A is an initial object of C .
5.1.2 Giraud subcategories
5.1.6 Definition. Let A be an abelian category. A Giraud subcategory of A is a reflective sub-
category of A for which the left adjoint ` to the inclusion functor is left exact.
5.1.7 Proposition. Let A be an abelian category and C a Giraud subcategory of A .
1) The category C is abelian.
2) If A is AB5, then so is C .
Proof. 1) The zero object of A is a terminal object, hence it belongs to C and is clearly a
zero object in C . By Propositions 5.1.3 and 5.1.4, C has kernels, cockerels and finite direct sums. To
conclude the proof, it is enough to show that any monomorphism in C is a kernel and any epimorphism
in C is a cokernel.
Let us prove the first assertion. Let f : A! B be a monomorphism in C . Then by Lemma 5.1.2,
f is a monomorphism in A . It follows that f is the kernel of some morphism g : B ! B0 in A . By
the assumption on the functor `, this means that the morphism `(f) : `(A) ! `(B0) is the kernel of
the morphism `(g) : `(B)! `(B0). But the latter is just g : B ! B0. This shows the first assertion.
For the second assertion, let ↵ : A ! B be an epimorphism in C . Then its cokernel in C is zero.
By Proposition 5.1.4, this cokernel is the composition B ! B0 ! l(B0), where B ! B0 is the cokernel
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of ↵ in A . Thus l(B0) = 0. Now consider the sequence in C :
A0 ! A! I ! B ! B0
where I is the image of ↵ in C and A0 ! A is the kernel of ↵ (either in A or in C ). Then `(A0)! `(A)
is the kernel of ↵ in C . But since `(B0) = 0, this shows that `(I) ! `(B) is an isomorphism. Since
` preserves cokernels, `(A) ! `(I) is the cokernel in C of `(A0) ! `(A). Since the composition
`(A) ! `(I) ! `(B) is the same as the morphism ↵ : A ! B and (A0) ! (A) is the same as the
morphism A0 ! A, we conclude that ↵ is the cokernel of A0 ! A.
2) Suppose that A is AB5. To prove that C is AB5, it suffices to show that if ◆ : D ! D0
is a monomorphism of direct systems in C , then the induced morphism of the colimits in C is a
monomorphism. Since A is AB5, it follows that he induced morphism L! L0 of the colimits in C is
a monomorphism. Butt the induced morphism in C is just `(L) ! `(L0), which is a monomorphism
since ` preserves kernels. Hence C is AB5.
5.1.8 Remark. Keep the notations of 5.1.6. It follows that the reflection ` is an exact functor: indeed,
it is right exact because it is a left adjoint and left exact by definition.
5.1.9 Corollary. A Giraud subcategory of a Grothendieck category is a Grothendieck category.
Proof. Let A be a Grothendieck category and C a Giraud subcategory of A . Then by Proposi-
tion 5.1.7, C is an AB5 abelian category. To conclude the proof, it remains to show that the reflection
of a generator is a generator, which is trivial.
5.1.10 Proposition. Let A be an abelian category and let C be a Giraud subcategory of A .
1) The counit of the adjunction " : `   i!idC is an isomorphism of functors.
2) Let ⌘ : idA ! i   ` be the unit of the adjunction (`, i). Then we have the equality
(Ker`)? = {E 2 A | ⌘E : E!i   `(E) is a monomorphism}.
3) The kernel of the reflection functor l is a localizing subcategory of A and there is an equivalence
of categories
A /Ker` ' C
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Proof. 1) Since the right adjoint functor i is fully faithful, it follows that the counit of the
adjunction " : `   i!idC is an isomorphism of functors.
2) Let E be an object of A such that the canonical morphism ⌘E : E ! i   `(E) is a monomor-
phism. We shall show that E 2 (Ker`)?. It suffices to show that for any object X 2 Ker` we have:
HomA (X,E) = 0. So pick an object X 2 Ker` and let f : X ! E be any morphism. Then we obtain












Since X 2 Ker`, it follows that i`(X) = 0 and thus the composition ⌘E   f is zero. From this and from
the fact that ⌘E is a monomorphism, we deduce that f = 0. This shows that the full subcategory of A
whose objects are the objects E for which the canonical morphism ⌘E : E ! i `(E) is a monomorphism,
is contained in (Ker`)?.
Now let us prove the reverse inclusion. Let F 2 (Ker`)?. Since the subcategory (Ker`)? is stable
under subobjects, we see that Ker(⌘F ) lies in (Ker`)?. On the other hand, by the first assertion
of the proposition we see that `(⌘F ) ⇠= id`(F ). As the functor ` preserves kernels, it follows that
`(Ker(⌘F )) = Ker(`(⌘F )) ⇠= Ker(id`(F )) = 0. This means that Ker(⌘F ) 2 Ker`. We conclude that
Ker(⌘F ) = 0, so ⌘F is a monomorphism.
3) The assertion follows from 1) and [Gab62, Proposition III.2.5].
Conversely, we have:
5.1.11 Proposition. Let A be an abelian category and let S be a localizing subcategory of A .
Then the essential image of A /S under the section functor is a Giraud subcategory of A .
Proof. By the definition of a localizing subcategory, the canonical exact functor T : A ! A /S
admits a right adjoint functor (the section functor) S : A /S ! A . If S(A /S ) denotes the essential
image of A /S in A , then the inclusion functor i : S(A /S ) ✓ A has a left adjoint given by the
composition A T! A /S ! S(A /S ).
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5.2 Moving torsion theories through Giraud subcategories
In what follows, our aim is to move torsion classes through exact functors and subsequently trough a
Giraud subcategory C of A . Since torsion classes are closed under inductive limits and extensions, it
is natural to use the left adjoint functor `, which respects inductive limits, in order to move torsion
classes from C to A .
5.2.1 Lemma. Let C be an abelian category and T a torsion class on C . Let ` : A!C be a functor
between abelian categories which respects inductive limits. Then the class
` (T ) = {D 2 A | `(D) 2 T }
is a torsion class in A .
Proof. Clearly, the class ` (T ) is closed under taking inductive limits, because so is T and `
respects inductive limits by assumption. Let us show that ` (T ) is closed under extensions. Consider
a short exact sequence in A
0 // X1 // D // X2 // 0
with X1, X2 2 ` (T ). By applying the functor ` (which is right exact) to this sequence we get an
exact sequence in C
`(X1) // `(D) // `(X2) // 0
with `(X1), `(X2) 2 T . Taking the kernel K of the morphism `(D)!`(X2), we see that K is an
epimorphic image of `(X1) and so K 2 T , therefore `(D) 2 T as extension of objects in a torsion
class. We conclude that D 2 ` (T ).
5.2.2 Corollary. Let A be an abelian category and let C be a Giraud subcategory of A . Suppose
that A is endowed with a torsion theory (X ,Y ). Then the class i (Y ) := {C 2 C | i(C) 2 Y } is a
torsion-free class on C .
5.2.3 Proposition. Let A be an abelian category and let C be a Giraud subcategory of A . Suppose
that C is endowed with a torsion theory (T ,F ). Then the classes (Tˆ , Fˆ ):
Tˆ := ` (T ) = {X 2 A | `(X) 2 T }
Fˆ := ` (F ) \S ? = {Y 2 A |Y 2 S ? and `(Y ) 2 F}
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define a torsion theory on A such that i(T ) ✓ Tˆ , i(F ) ✓ Fˆ , `(Tˆ ) = T , `(Fˆ ) = F .
Proof. For any T 2 T we have li(T ) ⇠= T , which proves that i(T ) ✓ Tˆ . Moreover given
F 2 F it is clear that i(F ) 2 S ? and li(F ) ⇠= F 2 F , hence i(F ) ✓ Fˆ . We deduce that
T = li(T ) ✓ `(Tˆ ) ✓ T and F = li(F ) ✓ `(Fˆ ) ✓ F , which prove that `(Tˆ ) = T and `(Fˆ ) = F .
Let us show that (Tˆ , Fˆ ) is a torsion theory on A .
Given X 2 Tˆ and Y 2 Fˆ ,
HomD(X,Y ) ,! HomD(X, il(Y )) ⇠= HomC (`(X), `(Y )) = 0.
It remains to prove that for any D in A there exists a short exact sequence
0 // X // D // Y // 0
with X 2 Tˆ and Y 2 Fˆ .
Given D in A there exist T 2 T and F 2 F such that the sequence
0 // T // `(D) // F // 0 (5.1)
is exact. Let define X := i(T )⇥il(D) D; then we obtain the diagram
0 // i(T ) // il(D) // i(F )










whose rows are exact (the first because the functor i is left exact since it is a right adjoint, while the
second by definition) and the map D/X ,! i(F ) is injective since the first square is cartesian.
Let us apply the functor ` to (5.2) remembering that ` is exact (so in particular it preserves
pullbacks and exact sequences) and that `   i ⇠= idC :
0 // T // `(D) // F // 0
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The first row coincides with (5.1) which is exact, `(X) ⇠= T ⇥`(D) `(D) ⇠= T 2 T , which proves that
X 2 Tˆ and so `(D/X) ⇠= F 2 F , and the third vertical arrow of (5.2) proves that D/X 2 S ?, thus
D/X 2 Fˆ .
5.2.4 Proposition. Let A be an abelian category and let C be a Giraud subcategory of A . Suppose
that A is endowed with a torsion pair (X ,Y ),and let
`(X ) := {T 2 C |T ⇠= `(X), 9X 2X }
`(Y ) := {F 2 C |F ⇠= `(Y ), 9Y 2 Y }
Then (`(X ), `(Y )) defines a torsion theory on C if and only if il(Y ) ✓ Y . In this case, i (Y ) =
`(Y ).
Proof. First let us suppose that il(Y ) ✓ Y . Then since `   i ⇠= idC one has i (Y ) = `(Y ) and
by Corollary 5.2.2 this is a torsion-free class on C . Given T 2 `(X ) (i.e., T ⇠= `(X), with X 2 X )
and F 2 i (Y ), one has HomC (X,F ) = HomC (`(X), F ) ⇠= HomD(X, i(F )) = 0, since i(F ) 2 Y by
the definition of i (Y ). Now let C 2 C . There exist X 2 X , Y 2 Y and a short exact sequence in
A
0 // X // i(C) // Y // 0.
Applying the functor ` to the previous sequence we get a short exact sequence in C
0 // `(X) // C // `(Y ) // 0
where `(X) 2 `(X ) and `(Y ) 2 `(Y ), which proves that (`(X ), `(Y )) is a torsion theory on C .
Conversely, if (`(X ), `(Y )) is a torsion theory on C then for every X 2X and every Y 2 Y one
has 0 = HomC (`(X), `(Y )) ⇠= HomD(X, il(Y )), therefore il(Y ) 2 Y .
From propositions 5.2.3 and 5.2.4 we derive the following correspondence:
5.2.5 Theorem. Let A be an abelian category and let C be a Giraud subcategory of A . There exists
a one to one correspondence between torsion theories (X ,Y ) on A satisfying il(Y ) ✓ Y ✓ S ? and
torsion pairs (T ,F ) on C .
Proof. From one side, taking a torsion theory (T ,F ) in C , the torsion theory (Tˆ , Fˆ ) satisfies
il(Fˆ ) ✓ Fˆ and one can easily verify that (`(Tˆ ), `(Fˆ )) = (T ,F ).
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On the other side, given a torsion theory (X ,Y ) on A satisfying il(Y ) ✓ Y ✓ S ?, its corre-
sponding torsion theory on C is (`(X ), `(Y )), for whom it is clear that[`(Y ) := ` (`(Y ))\S ? = Y
(since Y ✓ S ?) and so (X ,Y ) = (\`(X ),[`(Y )).
5.3 Tilt of Giraud subcategories
In this section, we shall develop a correspondence between Giraud subcategories of an abelian category
A and those of its tilt H , i.e., the heart of a t-structure on the derived category D(A ) induced by
a torsion theory (X ,Y ) on A . For sake of simplicity, we deal with the case of Giraud subcategories,
although the case of co-Giraud subcategories can be proved by a dual argument.
Keeping the notations of 5.1.1, given an abelian category A and a Giraud subcategory C of A ,
we denote the inclusion functor C ✓ A by i and its left adjoint by `.
5.3.1 Lemma. Let A and C be abelian categories and ` : A ! C be an exact functor. Suppose that
A is endowed with a torsion theory (X ,Y ) and that (T ,F ) = (`(X ), `(Y )) defines a torsion theory
on C . Denote by (D0i ,D
 0
i ), for i = 1, 2 the t-structures induced by the torsion theories (X ,Y ) and
(T ,F ), respectively. Then D`  ⌧ 01 = ⌧ 02  D` and D`  ⌧01 = ⌧02  D`. In particular, D` commutes
with the t-cohomological functors H0i , for i = 1, 2.
Proof. Since ` is exact it admits a total derived functor D` : D(A ) ! D(C ). Moreover, from
`(X ) = T and `(Y ) = F we derive that D`(D01 ) ✓ D02 and D`(D 01 ) ✓ D 02 , i.e., D` is an exact
functor for the t-structure (D01 ,D
 0
1 ) on D(A ). Let D• 2 D(A ) and consider the distinguished
triangle






By applying the functor D` to (5.3) we get the triangle in D(C )






so (5.4) is the distinguished triangle associated to D`(D•), which proves that D`   ⌧ 01 = ⌧ 02  D`
and D`   ⌧01 = ⌧02  D`. The last assertion is an immediate consequence.
5.3.2 Proposition. Let S be a Serre subcategory of an abelian category A , and suppose that A
is endowed with a torsion theory (X ,Y ) such that (`(X ), `(Y )) is a torsion theory on the quotient
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category C := A /S . Denote by (D0i ,D
 0
i ), for i = 1, 2 the t-structures induced by the torsion
theories (X ,Y ) and (T ,F ), respectively, and by H1 and H2 the associated hearts. Then ` induces a
functor `H : H1 ! H2 which is exact and essentially surjective and so, denoted by SH the kernel of
`H , one has that SH is a Serre subcategory of H1 and H2 ⇠=H1/SH .
Proof. As ` is exact and it respects the torsion theories its total derived functor D` : D(A ) !
D(C ) is exact with respect to the t-structures induced by the torsion theories. Hence the the restriction
of D` to H1 defines a functor `H : H1 ! H2 on the hearts which is exact. In particular the kernel
SH of `H is a Serre subclass of H1. The functor `H is essentially surjective since given an object
X• 2H2, there exists D• 2H1 such that X• ⇠= D`(D•). Therefore using Lemma 5.3.1 we find that
X• = H02 (X
•) ⇠= H02  D`(D•)
⇠= D`  H0t 1D•) ⇠= `H  H01 (D•),
which proves that `H is essentially surjective, so that by [Gab62, Corollary 2, Section 1, Chapter 3]
we get H2 ⇠=H1/SH .
5.3.3 Theorem. Let A be an abelian category and let C be a Giraud subcategory of A . Suppose
that the inclusion functor i admits a right derived functor Ri. Let (X ,Y ) be a torsion theory on
A such that il(Y ) ✓ Y , and let (T ,F ) = (`(X ), `(Y )) be the induced torsion theory on C (see
proposition 5.2.4). Denote by (D0i ,D
 0
i ), for i = 1, 2 the t-structures induced by the torsion theories
(X ,Y ) and (T ,F ), respectively, and by H1 and H2 the associated hearts. Then H2 is a Giraud
subcategory of H1. Moreover, if iH denotes the inclusion functor H2 ✓ H1 and `H its left adjoint,
we have iH (`H (X [0])) ✓X [0].




between the homotopy categories. Moreover, since ` is exact it admits a total derived functorD` : D(A )!
D(C ). Therefore D(C )
Ri
// D(A )
D`oo are two adjoint functors (with D` left adjoint of Ri) by [Kel07,
Section 3.1], and D`  Ri ⇠= R(`   i) ⇠= idD(C ).
By Proposition 5.3.2, ` induces a functor `H : H1 ! H2 on the associated hearts which is exact
and essentially surjective and so H2 ⇠=H1/SH .
On the other hand, the fact that i is left exact ensures that Ri takes D 02 inside D
 0
1 . Then the
restriction of the composition ⌧01  Ri to H2 gives a functor iH : H2 !H1 and it is easy to see that
`H is left adjoint of iH by composing the previous adjunctions.
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Next, using Lemma 5.3.1 we have that
`H   iH = D`   ⌧01  RiH2 ⇠= ⌧02  D`  RiH2
⇠= ⌧02  D(`   i)|H2 ⇠= ⌧02   idH2
⇠= idH2
and from this we conclude that iH is fully faithful.
Finally,
iH   `H (X [0]) ✓ ⌧01   (Ri  D`)(D 0(A )) ✓ ⌧02 (D 0(D)) ✓X [0].
5.3.4 Remark. We consider two examples in which one can apply the previous result. As a first
example let A and C be abelian categories, and suppose that C satisfies AB4⇤ (that is, small products
exist in C and such products are exact in C ) and has enough injective objects. Let i : C ! A is an
additive functor. Then the right derived functor Ri : D(C ) ! D(D) exists by [BN93, APPLICATION
2.4].
Another interesting case is the one in which the category C admits enough i-acyclic objects. In this
case one can use the same argument as in Proposition 5.3.3 restricted to the bounded below derived
categories in order to obtain the same result.
5.3.5 Theorem. (Reconstruction Theorem) Let A be an abelian category endowed with a torsion
theory (X ,Y ) and let H1 be the corresponding heart with respect to the t-structure on D(A ) induced
by (X ,Y ). Let S 0 be a Serre subcategory of H1 and `0 : H1 ! C 0 := H1/S 0 be its corresponding
quotient functor. Suppose that (`0(Y [1]), `0(X [0])) is a torsion theory on C 0. Then:
1. The full subcategory S = {D 2 A | `0(H it(D)) = 0 8i 2 Z} of A is a Serre subcategory of A .
2. Denote by C := A /S the quotient category and by ` : A!C the quotient functor. Then ` is
exact and the classes (`(X ), `(Y )) define a torsion theory on C .
3. There is an equivalence of categories C 0 '!H2 (where H2 is the heart of the t-structure induced
by the torsion theory (`(X ), `(Y ))) for whom `H (defined in proposition 5.3.2) is identified with
`0.
4. Suppose that (X ,Y ) is cotilting (resp. tilting) and that C 0 is a Giraud subcategory of H1 such
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that the inclusion functor i0 admits a derived functor. Then the functor ` admits a right adjoint
i and C is a Giraud subcategory of A which induces the Giraud subcategory C 0 of H1.
Proof. 1. We have to prove that given a short exact sequence 0!S1!S!S2!0 in A , the middle
term S belongs to S if and only if S1, S2 2 S , where S is defined as S = {D 2 A | `0(H it(D)) =
0 8i 2 Z}. Now, any short exact sequence on A defines a distinguished triangle in D(A ) and so one
obtain the long exact sequence in H1
· · ·H 1t (S2)!H0t (S1)!H0t (S)!H0t (S2)!H1t (S1)!H1t (S)!H1t (S2)!H2t (S1) · · · (5.5)
By remark 3.1.3, H 1t (S2) = 0 = H2t (S1) and for any D 2 A one has H0(D) = t(D)[0] as a complex








Let us recall that the class
S 0 = {E 2H1 | `0(E) = 0} (5.7)
is a Serre subcategory of H1. So from one side it is clear that if S1, S2 2 S then t(Si)[0], Sit(Si) [1] 2 S 0
for any i 2 {1, 2}, which implies that t(S)[0] and St(S) [1] belong to S 0, and so S 2 S .
On the other side if S 2 S then t(S)[0], St(S) [1] 2 S 0, and by applying the functor `0 (which is




















2 `0(X [0])\ `0(Y [1]) = 0 which
proves that t(S2)[0], S1t(S1) [1] 2 S 0 and so S2 2 S and S1 2 S .
2. Let us show that the classes (`(X ), `(Y )) define a torsion theory on C . First of all, since any
object of C may be regarded as an object of A and the functor ` is exact, it is clear that any object
C 2 C is the middle term of a short exact sequence 0 ! X ! C ! Y ! 0 with X 2 `(X ) and
Y 2 `(Y ). It remains to show that HomC (X,Y ) = 0,for every X 2 X and every Y 2 Y . So let
X 2 `(X ) and Y 2 `(Y ). A morphism ' : X ! Y in C may be viewed as the class of a morphism
X 0 ! Y/Y 0 in A , where X/X 0 and Y 0 are in S . Let t(X 0) be the torsion part of X 0 (viewed as an
object of A ) with respect to the torsion pair (X ,Y ) in A and Y/Y 00 be the torsion-free quotient
5.3. Tilt of Giraud subcategories 115
of Y/Y 0. We show that the composite morphism t(X 0) ! X 0 ! Y/Y 0 ! Y/Y 00 also represents the
morphism ' in C , i.e., X/t(X 0) 2 S and Y 00 2 S . Hence ' = 0, since it is a morphism from a torsion









defines a distinguished triangle in D(A ) and so one obtains the long exact sequence of cohomology in
H1































[0] = 0 and H1t ( Xt(X0)) =
X/t(X0)
t(X/t(X0)) [1] = 0 (since X 2 X ). By applying the




































X/t(X 0) 2 S . A dual argument shows that Y 00 2 S .
3. Applying Proposition 5.3.2 we see that the functor ` previously defined induces an exact essen-
tially surjective functor `H : H1 ! H2, and this proves that H2 ' H1/SH where SH is the kernel
of the functor `H . In order to conclude the proof of this third statement it is enough to prove that
SH coincides with S 0.
An object X 1 x ! X0 in H1 is in the kernel of `H if and only if the complex `(X 1) `(x) ! `(X0)
is zero in H2, that is: Ker(`(x)) = `(Ker(x)) = 0 and Coker(`(x)) = `(Coker(x)) = 0. This proves
that Ker(x) 2 S \ Y which is equivalent to Ker(x)[1] = H1t (Ker(x)) 2 S 0, and Coker(x) 2 S \X
which is equivalent to Coker(x)[0] = H0t (Coker(x)) 2 S 0. So X 1 x ! X0 belongs to S 0.
4. Let us suppose that (X ,Y ) is cotilting. Then it is clear that (`(X ), `(Y )) is a cotilting torsion
theory in the quotient A /S , hence from Theorem 3.2.15 and Corollary 3.1.4 it follows that the double
tilt of A is equivalent to A and the double tilt of C is equivalent to C .
If, moreover, C 0 is a Giraud subcategory of H1 such that the inclusion functor i0 admits a derived
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functor, then we can apply Theorem 5.3.3 in order to obtain a Giraud subcategory on the associated
hearts. This proves that the functor ` ' `H admits a right adjoint i and that C is a Giraud subcategory
of A which induces the Giraud subcategory C 0 of H1.
Other results A
Compatible t-structures
In this appendix, we recall the notions of a compatible pair of t-structures introduced by Keller and
Vossieck in [KV88b] (see also [Kel07]). The notion of a compatible pair of t-structures has been recently
studied independently by Bondal in [Bon13] under the name of consistent pairs of t-structures. The
main interest in these definitions is the fact that under the hypothesis of compatibility of a pair of
t-structures (D ,T ), one can perform an operation of intersection of aisles t-structures which is the
main tool we need in the proof of our classification Theorem 3.2.9.
A.1 Preliminaries
A.1.1 Definition. Let T := (T 0, T  0) and D := (D0,D 0) be two t-structures on a triangu-
lated category C. As usual, we denote by ⌧ and   the truncation functors associated with T and D,
respectively. The pair of t-structures (D, T ) is called:
1. left compatible if T 0 is stable under the truncation functors  n, for every n 2 Z;
2. right compatible if D 0 is stable under the truncation functors ⌧ n, for every n 2 Z;
3. compatible if it is both left and right compatible.
It is not hard to check that if (D,T ) is left compatible, then T 0 is also stable under the trun-
cation functors   n and therefore HnD(T 0) ✓ T 0, for every n 2 Z. Analogously, if (D,T ) is right
compatible, then D 0 is also stable under the truncation functors ⌧n and therefore HnT (D 0) ✓ D 0,
for every n 2 Z.
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A.1.2 Remark. In [Bon13], the author defines a pair of t-structures (D ,T ) to be lower consistent
if  0(T 0) ✓ T 0. Therefore, the pair (D ,T ) is left compatible if and only if (D [n],T ) is lower
consistent for every n 2 Z.
A.1.3 Proposition. [KV88b] Let T := (T 0, T  0) and D := (D0,D 0) be two bounded t-
structures on the triangulated category C. The following are equivalent:
1) (D ,T ) is left compatible.
2) T 0 =
 
X 2 C | H iD(X) 2HD \T  i, for all i 2 Z
 
3) We have
a) H iT H
j
D(X) = 0, for all X 2HT and i+ j > 0,
b) for each morphism f : Y ! Y 0 in HD with Y 2 T i and Y 0 2 T i 1, we have Ker(f) 2
T i and Coker(f) 2 T i 1.
A.1.4 Remark. Let us assume the hypotheses of Proposition 3.1.1 (i.e. suppose that T is a t-
structure on C obtained from D by tilting with respect to a torsion theory in HD) . Then both the
pairs of t-structures (D ,T ) and (T ,D) are compatible.
A.2 Compatible pair of t-structures of gap n
For the rest of this appendix, we will work with a triangulated category C endowed with a bounded
t-structure D . The reader is also referred to [FMT14]. Let T be a t-structure on C and suppose that
the pair (D, T ) is left compatible. In particular, for any k 2 Z the class T 0 is stable with respect
to the truncation functor  k, or equivalently the class T k is stable with respect to the truncation
functor  0.
This proposition is a reformulation of [Bon13, Proposition 4].
A.2.1 Proposition. The intersection D0 \ T k is an aisle of a t-structure in C whose co-aisle
is hD 0,T  ki.
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Proof. The left compatibility hypothesis guarantees that kD0 := D0 \T k is an aisle of a t-
structure, since the truncation functor k 0 :=  0⌧k is right adjoint to the inclusion D0\T k !












  1(⌧kM) // k  1M // ⌧ k+1M
(A.1)
whose rows and columns are distinguished triangles in C. The last row proves that k  1M 2
hD 1,T  k+1i and this concludes the proof.
Proposition A.2.1 guarantees that hypothesis 3.2.5 L is satisfied.
Now we shall apply the results of 3.2 in this setting and we shall compare our work with that of
Keller and Vossieck [KV88a] and of Vitória [Vit13].
A.2.2 Remark. Let (D ,T ) be a pair of left compatible t-structures with n-gap. By Proposition A.2.1
and Theorem 3.2.9, we can construct the maximal left tilting chain for the pair (D ,T ) which uses the
torsion theory (Xk,Yk) := (T k 1 \Hk, hT  k,D 1i \Hk) in Hk, for every 0  k  n.
In particular the middle column of diagram (A.1) provides the approximating short exact sequence of
the torsion theory (Xk+1,Yk+1) wheneverM 2Hk+1. Indeed, givenM 2Hk+1 by the left compatibility
we have that k 0M =  0⌧k(M) 2 D0\T k ✓ D0k+1; furthermore, the last row of diagram (A.1)
shows that k  1M 2 hD 0,T  k+1i = D 0k+1. Then from the long exact sequence of cohomology in
Hk+1 one gets k 0M = H0k+1( k 
0M) and k  1M = H0k+1( k 
 1M).
A.2.3 Definition. A left tilting chain (Ti)ni=0 of length n between D and T is called left compatible
if both the pairs of t-structures (D ,Ti) and (Ti,T ) are left compatible, for every 0  i  n.
A.2.4 Proposition. Let (D ,T ) be a pair of bounded t-structures with n-gap on C.
The following are equivalent:
1) the pair (D ,T ) is left compatible;
2) T 0 =
 
X 2 C | H iD(X) 2 T  i, for all i 2 Z
 
;
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3) the minimal left tilting chain ( k(D))nk=0 is left compatible.
Proof. As recalled in A.1.3, the equivalence of the first two assertions has been proved by Keller
and Vossiek. Let us follow their proof.
The implication 2)) 1) is clear: the aisle T 0 is defined cohomologically and so for any X 2 T 0
we have  kX 2 T 0.
Conversely, let us prove that 1) ) 2). Let X 2 T 0. The compatibility hypothesis implies that
 iX 2 T 0 for every i 2 Z, and so also H iD(X)[ i] 2 T 0 for every i (since it is the mapping cone
of the natural map  i 1X !  iX). This proves that H iD(X) 2 T 0[i] =: T  i. On the other
side, if X 2 C and H iD(X) 2 T  i \HD for every i 2 Z then for i > 0 we have H iD(X) = 0 (since
T  1 ⇢ D 1). Moreover since D is bounded we can suppose that X 2 D [ m,0] with m 2 N. Let
now consider the Potsnikov tower of X with respect to the D-cohomology:
H mD (X)[m] //  
 m+1(X) //
xx













This proves that  i(X) 2 T 0 for any  m  i  0 and so X 2 T 0.
By definition of left compatible tilting chain, 3) implies 1) since 0D = T .
Let us prove that 1) ) 3). We recall that iD = (D0 \ T i, hD 0,T  ii). Then (D , iD) is left
compatible since iD0 := D0 \ T i is stable under the truncation functors  k (since both D0
and T i are stable too). The pair ( iD ,T ) is left compatible since the aisle T is stable under the
truncations i h :=  h⌧i+h for evey h 2 Z.
A.2.5 Lemma. Let (D ,T ) be a left compatible pair of t-structures with gap n. Then for any fixed
0  k  n, the torsion classes of the maximal left tilting chain (Ti)ni=0 between D and T satisfy:
Xk :=Hk \T k 1 =Hi \T k 1 =HD \T k 1 for evey k  i  n;
and for any f : Xk ! Xk 1 with Xk 2Xk and Xk 1 2Xk 1 we have
Ker(f) = H 1D Cone(f) 2Xk Coker(f) = H0DCone(f) 2Xk 1
(kernels and cokernels are computed in HD while Cone(f) denotes the mapping cone of f in C ).
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Proof. Let us use induction on the gap n 2 N. If n = 0 we have D = T and the statement is
trivial. Let us suppose that our statement is true for any left compatible pair of t-structures with gap
less than n. In particular in 3.3.12 and A.2.4 we have proved that ( n 1D ,T ) is a left compatible pair
of t-structures with gap n   1. For k = n there is nothing to prove. Let 0  k  n   1. Then by
inductive hypothesis Xk :=:= Hk \ T k 1 = Hi \ T k 1 = Hn 1 \ T k 1 for any k  i  n   1.
It remains to prove that Hn 1 \T k 1 =Hn \T k 1.
Given X 2 Hn \ T k 1 ⇢ Hn \ T n 1 = Xn, since Xn[0] ⇢ Hn 1 we have: Hn \ T k 1 ✓
Hn 1\T k 1. Conversely, let T 2Hn 1\T k 1; then H 1D (T ) has to be torsion-free, i.e. H 1D (T ) 2
(HD \T n 1)?. Moreover H 1D (T )[1] =   1(T ) 2 T k 1 by the left compatibility and so H 1D (T ) 2
HD \T k ✓HD \T n 1, which concludes the proof of the first assertion (since H 1D (T ) = 0 and so
T 2Hn =HD).
Now let us prove the second assertion. Given f : Xk ! Xk 1 withXk 2Xk andXk 1 2Xk 1, then
Xk 2 T k 1 and Xk 1 2 T k 2. This implies that Cone(f) 2 T k 2, and by the left compatibility
we obtain Ker(f) = H 1D Cone(f) 2Xk while Coker(f) = H0DCone(f) 2Xk 1.
In terms of the tilting tree (see 3.3.1), Proposition A.2.5 guarantees that given any vertex of
the tree Xi1...ik 2 Hn k[ (i1 + · · · + ik)] (0  k  n   1) then its left branch Xi1...ik 0...0|{z}
r
lies in
Hn k[ (i1 + · · ·+ ik)] for every 0  r  n  k.
Following the ideas of Vitória [Vit13], one can prove a partial converse of Lemma A.2.5.
A.2.6 Lemma. Let C be a triangulated category endowed with a t-structure D . Let P = (T ,F ) be
a torsion theory in HD and X ⇢ T a subclass satisfying the following condition
(C) for any f : T ! X with T 2 T and X 2X =) Ker(f) 2 T ; Coker(f) 2X
(kernel and cokernel in HD).
Then X is closed under quotients in the tilted heart HP .
Proof. Let p : X ⇣ Y be an epimorphism in HP with X 2 X and Y 2 HP and let denote
by i : T ! X its kernel in HP . We have X 2 T = HP \ D 0 while Y 2 HP \ D  1; then
T := Cone(p)[ 1] 2 HP \ D 0 = T . This proves that i : T ! X is a map in HD \HP = T
(which is mono in HP but not in HD in general). Then by hypothesis Ker(i) 2 T and Coker(i) 2X
moreover Ker(i) = H 1D (Y ) 2 F and so Ker(i) = 0 which proves that Y = Coker(i) 2X .
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Lemma A.2.6 can be used as done by Vitória in [Vit13] in order to build (starting from a fixed
bounded t-structure D) new left compatible pairs of t-structures with n-gap.
Let us recall [Vit13, Theorem 3.13].
A.2.7 Theorem. Let A be an AB4 abelian category and S = {Ta,Ta+1, . . . ,Ta+n 1} a set of
hereditary torsion classes of A , compactly generated in Db(A ), such that
Ta ◆ Ta+1 ◆ Ta+2 ◆ · · · ◆ Ta+n 1 = 0
and such that the compact objects of Db(A ) lying in Ta form a set. Then, the full subcategory given
by
DS,0 = {X• 2 Db(A ) : H i(X•) 2 Tj , 8i > j}
is the aisle of a t-structure with gap n in Db(A ) with a cocomplete heart B and it is obtained by
iterated HRS-tilts with respect to the sequence S.
Using Lemma A.2.6, we can generalize Theorem A.2.7. However, one always needs the technical
hypothesis that any new successive heart of the construction is a well powered abelian category, since
we want to recover a torsion theory from a torsion class (see Lemma 2.3.5).
Let 0 ⇢X0 ⇢X1 ⇢ · · · ⇢Xn 1 ⇢Xn =HD be full subcategories of HD closed under extensions
and direct sums and such that for any f : Xk ! Xk 1 with Xk 2 Xk and Xk 1 2 Xk 1 we have
Ker(f) 2 Xk and Coker(f) 2 Xk 1. Then Xn 1 is a torsion class in HD providing a torsion theory.
Moreover, by Lemma A.2.6 the full subcategory Xn 2 provides a torsion class in Hn 1 and so on.




In this appendix, we shall consider other types of filtration on triangulated or abelian categories, called
slicings. This notion has been studied in connection with stability conditions in abelian or triangulated
categories. The reader is referred to [Bri07] as well as to [GKR04] and [Rud97].
B.1 Slicings on triangulated categories
B.1.1 Definition. Let C be a triangulated category. A slicing on C is a triplet ( , ⌧,P), where  
is a totally ordered set, ⌧ :  !   is an automorphism of totally ordered sets and P = {P( )} 2  is
a family of strictly full subcategories of C which are stable under extensions. The following properties
have to be satisfied:
(0) for any   2  , one has P( )[1] =P(⌧( )) and ⌧( )    ;
(i) if  1, 2 2   and  1 >  2, then HomC (P( 1),P( 2)) = 0;
(ii) for any non-zero object E 2 C there exist  1, . . . , n 2   with  1 > · · · >  n and a sequence of
distinguished triangles
0 = F 0E // F 1E //
  
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The sequence of distinguished triangles in (ii) is called a Harder-Narasimhan filtration (or a HN-
filtration) of the object E. The filtration factors Ai are the  -semistable quotients, and the subcategories
P( ) are the semistable subcategories of slope  .
If there is no confusion, we will denote a slicing simply by P.
B.1.2 Example. 1) Let (D0,D 0) be a t-structure on C . Suppose that D0 = D1 and D 0 =
D 1. Let   = {0, 1}, P(0) = D 1, P(1) = D0 and ⌧(0) = 0, ⌧(1) = 1. Then ( , ⌧,P) is a slicing
on C .
2) Let A be the heart of a bounded t-structure (D0,D 0) on a triangulated category C . It follows
from Proposition 2.1.24 that the subcategories P(i) = A [i] of C , ordered naturally by Z, defines a
slicing.
Our first aim is to show that the HN-filtration of an object E in a triangulated category D with a
fixed slicing is unique up to some set of unique isomorphisms.
B.1.3 Lemma. Let C be a triangulated category with a slicing P. Let E be a non-zero object of C
and let
0 = F 0E // F 1E //
  






with Ai 2P( i) be an HN-filtration of E.Then:
1) HomC (E,P ) = 0, for all P 2P( ) with   <  n.
2) HomC (F iE,P ) = 0, for all P 2P( ) with     i.
3) HomC (P,E) = 0, for all P 2P( ) with  >  n.
4) If
0 = F 0G // F 1G //
  






with Bi 2P( i) is an HN-filtration of G 2 C and  1 <  m, then HomC (G,E) = 0.
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Proof. Let us prove the first statement. Let   2  ,   <  n and let P be any object of P( ).
By applying the functor HomC ( , P ) to the distinguished triangles of the given HN-filtration of E, we
obtain the long exact sequence
. . . // HomC (Ai, P ) // HomC (F iE,P ) // HomC (F i 1E,P ) // . . .
By assumption,   <  i for every i = 1, . . . , n, therefore HomC (Ai, P ) = 0 for every i = 1, . . . , n. We
can prove by induction going up from 1 to n that HomC (F i 1E,P ) = 0, for every i = 1, . . . , n. In
particular, HomC (E,P ) = HomC (FnE,P ) = 0.
The other statements are proved similarly.
B.1.4 Proposition. (Uniqueness of the HN-filtration). Let C be a triangulated category with a
slicing P. The HN-filtration for any non-zero object E of C is determined up to a unique set of
triangle isomorphisms.
Proof. Let E be a non-zero object of C and suppose we are given two HN-filtrations of E:
0 = E0 // E1 //
⇥⇥






with Ai 2P( i), and
0 = F 0 // F 1 //
⇥⇥
















F i 1 // F i // Bi
+1
//
First of all, by applying the functor HomC ( , An) to the triangle
En 1 // En // An
+1
//
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we obtain the long exact sequence
... // HomC (E
n 1[1],An) // HomC (An,An) // HomC (En,An) // HomD(En 1,An) // ...
By lemma B.1.3, HomC (En 1[1], An) = 0 and HomC (En 1, An) = 0 since  n <  n 1  ⌧( n 1). So
we obtain a homomorphism of abelian groups
HomC (An, An)
' // HomC (En, An)
Since the identity of An maps to a non-zero morphism E ! An, by lemma B.1.3 we get that  n    m.
But by the same arguments on the other HN-filtration of E we deduce that  m    n. Therefore
 n =  m. It follows that there is a unique extension of the diagram
En 1 // En // An
+1
//
Fm 1 // Fm // Bm
+1
//
to a morphism of triangles in each direction. Moreover, sinceHomC (En 1, An) = 0 andHomC (Fm 1, Bm) =
0 the compositions of the these morphisms of triangles must be the identity morphisms. Then we do
the same procedure for the next triangle and we proceed by induction. Notice that since the triangles
are isomorphic at each step we must also have that n = m.
B.2 Slicings on abelian categories
B.2.1 Generalities
B.2.1 Definition. Let A be an abelian category. A slicing on A is a pair ( ,P), where   is
a totally ordered set, P = {P( )} 2  is a family of strictly full subcategories of A stable under
extensions, satisfying the following properties:
(i) if  1, 2 2   and  1 >  2, then HomA (P( 1),P( 2)) = 0;
(ii) for any non-zero object E of A there exist  1, . . . , n 2   with  1 > · · · >  n and a filtration
0 = F 0E ✓ F 1E ✓ · · · ✓ FnE = E
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with Ai := F iE/F i 1E 2P( i).
The filtration in (ii) is called a Harder-Narasimhan filtration (or a HN-filtration) of the object E.
The filtration factors Ai are the  -semistable quotients, and the subcategories P( ) are the semistable
subcategories of slope  .
If there is no confusion, we will denote a stability data on A simply by P.
B.2.2 Notation. Keep the notations of definition B.2.1. For any interval I of the totally ordered
set  , we denote by P(I) the full subcategory of A consisting of objects for which the  -semistable
quotients have phases in I.
B.2.3 Example. Any torsion theory on an abelian category is a slicing. Indeed, let (T ,F ) be a
torsion theory on A . Let   = {0, 1} and setP(0) = F ,P(1) = T . It is clear that ( , {P(0),P(1)})
is a slicing on A .
B.2.4 Lemma. (Uniqueness of the HN-filtration) The the Harder-Narasimhan filtration is unique
and functorial.
Proof. The proof is the translation in the abelian setting of the proof of Proposition B.1.4.
B.2.5 Proposition. Let A be an abelian category and let P be a slicing on A . For any   2   set
X (P) :=P(>  )
Y (P) :=P(  )
Then (X (P),Y (P)) is a torsion theory on A . Moreover, X 1 ✓X 2 if  1 >  2.
Proof. The result follows directly from Lemma B.2.4.
B.2.2 n-slicings on abelian categories
B.2.6 Definition. Let n be a positive integer and let A be an abelian category. An n-slicing on A
is a slicing ( ,P) on A with | | = n.
B.2.7 Notation. In the sequel, when ( ,P) is an n-slicing on A we may assume that   = {0, . . . , n}.1
1If A and B are finite sets of the same cardinality and (A,), (B, ) are totally ordered sets, then there is exactly
one order isomorphism from (A,) to (B, ).
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B.2.8 Theorem. Let A be an abelian category. The datum of an n-slicing on A is equivalent
to the datum of a finite family of torsion theories (Xi,Yi) on A , for all i = 0, . . . , n + 1, with
0 =Xn+1 ✓Xn ✓Xn 1 ✓ · · · ✓X0 = A .
Proof. Given an n-slicing P = {Pi}ni=0 on A , define Xn+1 = 0 and X0 = A . For every
1  i  n let us consider the following pairs of full subcategories of A :
Xi(P) :=P({i, . . . , n}),
Yi(P) :=P({0, . . . , i  1})
such that Xi+1(P) ✓ Xi(P). By Lemma B.2.8, (Xi(P),Yi(P)) is a torsion theory on A . Con-
versely, assume we are given a finite family of torsion theories (Xi,Yi) on A , for i = 0, . . . , n+1, with
0 = Xn+1 ✓ · · · ✓ X0 = A . If n = 1, then there is nothing to prove. So we may assume that n > 1
and we define the following full subcategories of A :
Pi :=Xi \ Yi+1, for every i = 0, . . . , n,
By construction, HomA (Pi,Pj) = 0 if n   i > j   0. Let 0 6= E 2 A and let us construct the
Harder-Narasimhan filtration for E. Using the torsion pair (X1,Y1) we find a short exact sequence in
A
0 // E0 // E // E00 // 0
with E0 2 X1 and E00 2 Y1. Set F 0E = E and F 1E := E0. Then F 0E/F 1E = E00 2 P0. Otherwise
suppose we have constructed F iE,F i+1E 2 A such that F iE 2 Xi, F i+1E 2 Xi+1, F i+1E ✓ F iE
and F iE/F i+1E 2Pi. Using the torsion pair (Xi+2,Yi+2) we get a short exact sequence in A
0 // (F i+1E)0 // F i+1E // (F i+1E)00 // 0
with (F i+1E)0 2 Xi+2 and (F i+1E)00 2 Yi+2. Set F i+2E := (F i+1E)0, then F i+1E/F i+2E 2 Xi+1 \
Yi+2 =Pi+1.
One can see that the two maps defined above are inverse to each other.
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B.3 Connections between slicings and t-structures
We shall show how one can induce a slicing on a triangulated category C from a slicing on the heart
of a bounded t-structure on C . In particular, any slicing on an abelian category induces a slicing on
its bounded derived category.
B.3.1 Proposition. Let A be the heart of a bounded t-structure (D0,D 0) on a triangulated
category C . Suppose that ( ,P) is a slicing on A . Then the categories {P(i, )}(i, )2Z⇥ , defined
by P(i, ) =P( )[i] and ordered lexicographically, give a slicing on C .
Proof. The only non-trivial part of the proof is the existence of an HN-filtration for each non-zero
object of C . So let E 2 C be non-zero. Its filtration by cohomology objects Ai 2 A [ki], according to
Lemma 2.1.24, and the HN-filtrations 0 ,! Ai1 ,! Ai2 ,! ... ,! Aimi = Ai given by the HN-property
inside A can be combined into a HN-filtration of E: it begins with as
0! F1 = A11[K1]! F2 = A12[k1]! · · ·! Fm1 = A1[k1] = E1,
that is, with the HN-filtration of A1. Then the following filtration steps Fm1+i are extensions of
A2i[k2] by E1 that can be constructed as the cone of the composition A2i[k2]! A2[k2]! E1[1]. The
octahedral axiom shows that these have the same filtration quotients as 0 ! A21[k2] ! A22[k2] . . . .
Continuing this we obtain a filtration of E as desired.
B.3.2 Proposition. Let ( , ⌧,P) be a slicing on a triangulated category D . Then for each   2  
the following classes:
D0  := the smallest full subcategory of D stable under extensions
and containing P( ) for every  >  ,
D 0  := the smallest full subcategory of D stable under extensions
and containing P( ) for every   t( ),
define a t-structure on D . Moreover, if  1 >  2 then D0 1 ✓ D0 2 .
Proof. First of all, we have D0  ✓ D1  since  >   implies  > ⌧ 1( ) and D 1  ✓ D 0  since
    implies   ⌧( ).
Then, it is clear that if X 0 is a semistable object in D0  and Y
0 is a semistable object in D 1  ,
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then HomC (X 0, Y 0) = 0. Moreover, whenever X 0 ! X ! X 00 +1! is a distinguished triangle in C with
HomC (X 0, Y 0) = 0 and HomC (X 00, Y 0) = 0 for any semistable object Y 0 in D 1  , then applying the
cohomological functor HomC ( , Y 0) to the previous triangle we see that also HomC (X,Y 0) = 0 for
any semistable object Y 0 in D 1  . Similar arguments allow us to step from semistable objects of D
 1
 
to arbitrary objects of D 1  and thus HomC (X,Y ) = 0 for every X 2 D0  and every Y 2 D 1  .
Finally, let C be an object of C . We may assume that C is non-zero and consider its HN-filtration:
0 = C0 // C1 //
⇥⇥






with Ai 2P( i). If all the semistable quotients are in D0  it follows that C is in D0  , if the semistable
quotients are in D 1  then also C is in D
 1
  . In either case we can make a trivial triangle. The only
case left to prove is that there is some 0  k  n such that Ai 2 D0  for i  k and Ai 2 D 1  for
i > k. Let us define C0 := Ck, then C0 2 D0  since all its semistable quotients are in D0  . Let us
complete the morphism C0 ! C to a distinguished triangle C0 ! C ! C1 +1!. It remains to show that
C1 2 D 1  . To do this we can use the octahedral axiom in order to get an HN-filtration of C1 with
semistable factors Ak+1, . . . , An.
B.4 Inducing n-slicings on hearts
In what follows, we assume that the triangulated category C has direct sums and products. This
implies that if H is the heart of a t-structure on C , then H has direct sums and products (see [PS13,
Proposition 3.2]).
B.4.1 Lemma. Let D = (D0,D 0) be a t-structure on C and suppose that the heart HD is well-
powered.
1) Let ⌃0 be a suspended subcategory of C which is stable under direct sums. Assume that D 1 ✓
⌃0 ✓ D0. Then ⌃0 is an aisle in C .
2) Let ⌃ 0 be a cosuspended subcategory of C which is stable under products. Assume that D 0 ✓
⌃ 0 ✓ D  1. Then ⌃ 0 is a co-aisle in C .
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Proof. Let us prove the first statement. First of all, we show that the full subcategory X :=
⌃0 \HD of HD is a torsion class. The closure under extensions is clear because ⌃0 is closed under
extensions in C and the short exact sequences in HD are the distinguished triangles in C with terms
in HD . Let us prove that X is closed under quotients. Given a short exact sequence in HD :
0! X 0 ! X ! X 00 ! 0
with X 2X , we obtain the following triangle in C :
X ! X 00 ! X 0[1] +1!
Since D 1 ✓ ⌃0, we get that X 0[1] 2 ⌃0. Using the fact that ⌃0 is closed under extensions, we
see that X 00 2 X . It remains to show that X is closed under direct sums. Let (Xi)i be a family of
objects in X . Since ⌃0 is closed under direct sums in C , it follows that
L
iXi belongs to ⌃0 and
hence to D0. Using Proposition 2.1.18, we can compute the direct sum of the family (Xi)i inside the
heart HD as H0D(
L












The first term of the triangle lies in D 1, hence in ⌃0, and the second term in ⌃0. Since ⌃0 is
closed under suspensions, it follows that H0D(
L
iXi) 2X .
This shows that X is a torsion class in HD . Since the latter is well-powered by assumption and
has direct sums and products, we get that X is the torsion class of a torsion theory (X ,Y ) on HD .
Then it is easy to see that ⌃0 coincides with the full subcategory of C whose objects X satisfies
H0D(X) 2X and X 2 D0. But the latter is an aisle by proposition 3.1.1.
The second statement is treated dually.
B.4.2 Proposition. Let D = (D0,D 0) be a t-structure on C and suppose that the heart HD is
well-powered. Let T = (T 0,T  0) be a t-structure on C and assume that the pair (D ,T ) has gap
n, for some non-negative integer n. Then there exist two n-slicings P1(T ), P2(T ) on HD .
Proof. We first show how to construct an n-slicing P1(T ) on HD . For any k = 0, . . . n   1 we
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define the following full subcategory of C :
⌃0k := hhD 1,D0 \T n k 1ii ,
that is, ⌃0k is the smallest suspended subcategory of C containing the objects of D
 1 or D0 \
T n k 1 and stable under direct sums (see Lemma 1.1.13). Then, for every integer m 2 Z, we denote
by ⌃mk the full subcategory of C consisting of objects X[m], with X 2 Ob(⌃0k ). We easily see that:
D 1 ✓ ⌃0k ✓ D 0,
hence by Lemma B.4.1 we have that ⌃0k is an aisle in C . Denote by ⌃
 0
k the corresponding co-aisle.




k=0 on C , and for any k = 0, . . . , n 1
the t-structure ⌃k is obtained by tilting HD with respect to a torsion theory (Xk,Yk) on C . We see
that
Y0 ✓ · · · ✓ Yn 1
hence
Xn 1 ✓ · · · ✓X0.
Applying Theorem B.2.8, the family of torsion theories (Xk,Yk)n 1k=0 gives an n-slicingP1(T ) on HD .
Now let us show how one can construct the other slicing P2(T ) on HD . For any k = 0, . . . n  1






that is,   0k is the positive shift of the smallest cosuspended subcategory of C containing the objects
of D 1 or D 0 \ T  n k and stable under products (see Remark 1.1.12 and Lemma 1.1.13). Then,
for every integer m 2 Z, we denote by   mk the full subcategory of C consisting of objects Y [m], with
Y 2 Ob(  0k ). By construction we have:
D 1 ✓   1k ✓ D 0,
hence by Lemma B.4.1 we have that   0k is a co-aisle in C . Denote by  
0
k the corresponding aisle. In
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k=0 on C , and for any k = 0, . . . , n   1
the t-structure  k is obtained by tilting HD with respect to a torsion theory (Tk,Fk) on C . We see
that
Tn 1 ✓ · · · ✓ T0.
Applying Theorem B.2.8, the family of torsion theories (Tk,Fk)n 1k=0 gives an n-slicingP2(T ) on HD .
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